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THE LIMIT OF THE HERMITIAN-YANG-MILLS FLOW ON REFLEXIVE
SHEAVES
JIAYU LI, CHUANJING ZHANG, AND XI ZHANG
Abstract. In this paper, we study the asymptotic behavior of the Hermitian-Yang-Mills
flow on a reflexive sheaf. We prove that the limiting reflexive sheaf is isomorphic to the
double dual of the graded sheaf associated to the Harder-Narasimhan-Seshadri filtration,
this answers a question by Bando and Siu.
1. Introduction
Let (M,ω) be a compact Ka¨hler manifold and E a coherent sheaf on M . The ω-degree and
the ω-slope of E are defined by
degω(E) :=
∫
X
c1(E) ∧ ω
n−1
(n− 1)! ,
and
µω(E) := degω(E)
rank(E) ,
where c1(E) is the first Chern class of E . We say that a torsion free coherent sheaf E is ω-
stable (ω-semi-stable) in the sense of Mumford-Takemoto if for every proper coherent sub-sheaf
F →֒ E we have
µω(F) < (≤)µω(E).
We denote by ΣE the set of singularities where E is not locally free. It is well known that
the coherent sheaf E can be seen as a holomorphic vector bundle on M \ ΣE . A Hermitian
metric H on the sheaf E is called admissible if it is a Hermitian metric which is defined on the
holomorphic vector bundle E|M\ΣE and satisfies: (1) |FH |H,ω is square integrable; (2) |ΛωFH |H
is uniformly bounded, where FH is the curvature tensor of Chern connection DH with respect
to H , and Λω denotes the contraction with the Ka¨hler metric ω. A Hermitian metric H on the
holomorphic vector bundle E|M\ΣE is said to be ω-Hermitian-Einstein if it satisfies the following
Einstein condition on M \ ΣE , i.e. √−1ΛωFH = λE,ωIdE , (1.1)
where λE,ω = 2πVol(M,ω)µω(E).
The Donaldson-Uhlenbeck-Yau theorem ([37, 14, 15, 45]) states that, if E is locally free on
the whole M , i.e. ΣE = ∅, the ω-stability of E implies the existence of ω-Hermitian-Einstein
metric on E . This theorem has several interesting and important generalizations and extensions
([29, 20, 39, 4, 7, 18, 6, 21, 2, 3, 8, 25, 27, 28, 36, 34, 35], etc.). In [7], Bando and Siu introduced
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the notion of admissible Hermitian metrics on torsion-free sheaves, and proved the Donaldson-
Uhlenbeck-Yau theorem on stable reflexive sheaves. In fact, they obtained a long time solution
H(t) of the Hermitian-Yang-Mills flow on (M \ ΣE)× [0,+∞), i.e. H(t) satisfies:
H
−1(t)
∂H(t)
∂t
= −2(√−1ΛωFH(t) − λE,ωIdE),
H(0) = Hˆ,
(1.2)
where Hˆ is an initial metric which will be described in section 2 in details. The above Hermitian-
Yang-Mills flow was introduced and studied by Donaldson in [14, 15]. Bando and Siu have
shown that H(t) is admissible for every t > 0. Furthermore, they proved that: if the reflexive
coherent sheaf E is ω-stable, then along the Hermitian-Yang-Mills flow, H(t) converges to H∞
subsequently in weak Lp2,loc-topology and H∞ is an admissible ω-Hermitian-Einstein metric.
There are also some results on the existence of approximate solution of Hermitian-Einstein
equation (1.1) on a semi-stable holomorphic bundle and a semi-stable Higgs bundle, see ref-
erences [26, 23, 10, 11, 31] for details. Recently, the authors ([33]) obtain the existence of
admissible approximate ω-Hermitian-Einstein structure on an ω-semi-stable reflexive sheaf, i.e.
they proved that, if the reflexive sheaf E is ω-semi-stable, along the Hermitian-Yang-Mills flow
(1.2), we have
sup
x∈M\ΣE
|√−1ΛωFH(t) − λE,ωIdE |H(t)(x)→ 0, (1.3)
as t→ +∞.
For an unstable torsion-free coherent sheaf E , one can associate a filtration ([26], [5]) by
sub-sheaves
0 = E0 ⊂ E1 ⊂ · · · ⊂ El = E , (1.4)
such that every quotient sheaf Qi = Ei/Ei−1 is torsion-free and ω-stable, which is called the
Harder-Narasimhan-Seshadri filtration of the reflexive sheaf E (abbr. HNS-filtration). More-
over, µ(Qi) ≥ µ(Qi+1) and the associated graded object
GrHNS(E) = ⊕li=1Qi (1.5)
is uniquely determined by the isomorphism class of E and the Ka¨hler class [ω].
If the reflexive sheaf E is not stable, Bando and Siu ([7]) proved that: there exists a subse-
quence H(ti) along the Hermitian-Yang-Mills flow (1.2) such that
∫
M |∇ΛωFH(ti)|ω
n
n! → 0 as
ti → +∞. By Uhlenbeck’s theorem ([44, 45]), taking suitable complex gauge transformations
one can choose a subsequence ti → +∞ so that Chern connections A(ti)→ A∞ weakly in L21-
topology outside a closed subset Σ˜ ⊂M of Hausdorff codimension at least 4. Since √−1ΛωFA∞
is parallel, we can decompose E∞ according to the eigenvalues of
√−1ΛωFA∞ on M \ Σ˜. Then
we obtain a holomorphic orthogonal decomposition
E∞ =
l⊕
i=1
Ei∞, (1.6)
every Ei∞ admits a Hermitian-Einstein metric and can be extended to a reflexive sheaf. In [7],
Bando and Siu propose an interesting question: whether
l⊕
i=1
Ei∞ ∼= GrHNS(E)∗∗. (1.7)
Atiyah and Bott ([1]) first raised the same question for Riemann surfaces case, which has been
proved by Daskalopoulos ([12]). When E is locally free on the whole M , the conjecture was
confirmed by Daskalopoulos and Wentworth ([13]) for Ka¨hler surfaces case; by Jacob ([24])
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and Sibley ([38]) for higher dimensional case. The above Atiyah-Bott-Bando-Siu conjecture is
also valid for Higgs bundles, see references [46, 30, 32] for details. In this paper, we study the
asymptotic behavior of the Hermitian-Yang-Mills flow (1.2) on a reflexive sheaf E , and give a
confirm answer to the above Bando-Siu’s question. We obtain the following theorem.
Theorem 1.1. Let E be a reflexive sheaf on a compact Ka¨hler manifold (M,ω), and H(t) be
the solution of the Hermitian-Yang-Mills flow (1.2) on E with the initial metric Hˆ. We have a
family of integrable connections
A(t) = g(t)(Aˆ) (1.8)
on E|M\ΣE for t ∈ [0,+∞), where g(t) ∈ GC satisfies g∗H0(t) ◦ g(t) = h(t) = H−10 H(t), ΣE is
the singularity set of E and Aˆ is the Chern connection with respect to the initial metric Hˆ, such
that:
(1) For every sequence {ti} there exists a subsequence {tj} such that, A(tj) converges, modulo
gauge transformations, to a Yang-Mills connection A∞ on a Hermitian vector bundle (E∞, H∞)
over M \Σ in C∞loc-topology as tj → +∞, where Σ ⊂M is a closed set of Hausdorff codimension
at least 4. Furthermore, the limiting (E∞, ∂A∞) can be extended to the whole M as a reflexive
sheaf with a holomorphic orthogonal splitting
(E∞, H∞, ∂A∞) =
l⊕
i=1
(E i∞, Hi∞), (1.9)
where Hi∞ is an admissible Hermitian-Einstein metric on the reflexive sheaf E i∞.
(2) Moreover, the extended reflexive sheaf is isomorphic to the double dual of the graded sheaf
associated to the HNS-filtration of E, i.e. we have
(E∞, ∂A∞) ≃ GrHNS(E)∗∗. (1.10)
We now give an overview of our proof. The conclusion in the the part (1) of Theorem 1.1 is
stronger than that in Theorem 4 in [7], because we prove that the convergence holds not only
for every sequence {ti} but also in much stronger topology, i.e. in C∞loc-topology. To prove the
part (1), we follow Hong-Tian’s argument in [22]. Even though the global approach is similar,
some key estimates require new analytical ideas because the base manifold M \ΣE in our case
is not compact. For examples: to prove that
∫
M
|DH(t)(ΛωFH(t))|2H(t) ω
n
n! → 0 as t → +∞ in
Proposition 2.4; to analyze the limiting behavior of the Yang-Mills flow on E|M\ΣE in Theorem
3.3.
To prove the second part of Theorem 1.1, we will use the basic idea in [13] for a locally free
sheaf in the Ka¨hler surface case, but there are two points where we need new arguments for
reflexive sheaves case. The first one is to prove that the HN type of the limiting sheaf is in fact
equal to that of E ; and the second one is to construct a non-zero holomorphic map from any
stable quotient sheaf in HNS-filtration of E to the limiting sheaf.
The first one is closely related to the existence of an Lp-approximate critical Hermitian
metric (as defined in [13]). When E is locally free, Sibley ([38]) constructs a resolution of the
HNS-filtration of E by subbundles, i.e. there exists a finite sequence of blow-ups with smooth
centers such that the pullback bundle π∗E has a filtration by subbundles, where π : M˜ →M is
the composition of the blow-ups involved in the resolution. The metric π∗ω is degenerate along
the exceptional divisor π−1(ΣHNS), where ΣHNS is the singularity set of the HNS-filtration of
E , and it can be approximated by a family of Ka¨hler metrics ωǫ on M˜ . Since every quotient
subbundle is ωǫ-stable for small ǫ, one can use Donaldson-Uhlenbeck-Yau theorem to take the
direct sum of the Hermitian-Einstein metrics on quotient subbundles in the resolution. By
choosing any fixed smooth Hermitian metric H0 on π
∗E over a neighborhood of π−1(ΣHNS)
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such that |ΛωǫFH0 |H0 is uniformly bounded, Sibley uses Daskalopoulos and Wentworth’s cut-off
argument ([13]) to obtain a smooth Lp-approximate critical Hermitian metric on the locally
free sheaf E . In our case, E is only reflexive, we can not find such smooth metric H0. So we can
not use Sibley’s result directly, and need new arguments to obtain a smooth Lp-approximate
critical Hermitian metric, see Proposition 4.2 and Proposition 4.5 for details. Furthermore,
in Lemma 5.2, we prove the continuous dependence of the Hermitian-Yang-Mills flow (1.2) on
initial metrics, this is fully nontrivial for noncompact base manifolds case. Then we can follow
Daskalopoulos and Wentworth’s trick (Lemma 4.3 in [13]) to prove that the HN type of the
limiting sheaf is in fact equal to that of E .
For the second one, we use Donaldson’s idea ([15]) to construct a nonzero holomorphic map
to the limiting bundle as the limit of the sequence of gauge transformations defined by the Yang-
Mills flow. There are many difficulties to obtain uniform estimates, because we have no uniform
L∞-bound on the mean curvature (i.e. |√−1ΛωFA|) of the induced connection for subsheaves.
Using the resolution of singularities, we can pull back the HNS-filtration to M˜ by subbundles.
Evolving the induced Hermitian metric on the subbundle by the Hermitian-Yang-Mills flow
with respect to the Ka¨hler metric ωǫ, by the result in [7], we can get a uniform L
∞-bound
on the mean curvature and a local uniform C0-estimate of the evolved Hermitian metrics.
Using these estimates and following the argument in Proposition 4.1 in [32], we can obtain a
local uniform C0-estimate of a sequence of holomorphic maps and then construct a nonzero
holomorphic map to the limiting bundle. It should be pointed out that in Proposition 4.1 in
[32], we need the assumption that the pulling back geometric objects including the complex
gauge transformations and induced metrics on the subsheaves can be extended smoothly on the
whole M˜ . This assumption may not be satisfied in our case, so we modify the argument in [32]
suitably to the case that the geometric object we consider can be approximated by a sequence
of smooth ones, see Proposition 6.1 for details.
This paper is organized as follows. In Section 2, we recall Bando and Siu’s regularization
on the reflexive sheaf and some basic estimates for the Hermitian-Yang-Mills flow, and we
prove that along the Hermitian-Yang-Mills flow,
∫
M
|DH(t)ΛωFH(t)|2H(t) ω
n
n! → 0 as t → +∞.
In section 3, we analyze the limiting behavior of the Yang-Mills flow on (M \ ΣE , E|M\ΣE , ω)
and give a proof for the part (1) of Theorem 1.1. In section 4 and section 5, we obtain an
Lp-approximate critical Hermitian metric and prove that the HN type of the limiting sheaf is
in fact equal to that of the initial one. In the last section, we construct a non-zero holomorphic
map between sheaves and complete the proof of Theorem 1.1.
2. Analytic preliminaries and basic estimates
In this section, we first recall Bando and Siu’s regularization on the reflexive sheaf, and then
give some basic estimates for the Hermitian-Yang-Mills flow. Let (M,ω) be a compact Ka¨hler
manifold of complex dimension n, and E be a reflexive sheaf onM . The singularity set of E will
be denoted by ΣE . Bando and Siu ([7]) proved that: there is a regularization on the reflexive
sheaf E , by successively blowing up πi : Mi → Mi−1 with smooth center Yi−1 ⊂ Mi−1 finite
times such that the pull-back of E to Mk modulo torsion is locally free and the composition
π = π1 ◦ · · · ◦ πk : M˜ →M (2.1)
is biholomorphic outside ΣE , where i = 1, · · · , k, M0 =M and M˜ =Mk. It is easy to see that
the holomorphic vector bundle E = π∗E/tor(π∗E) is isomorphic to E on M˜ \ π−1(ΣE), where
tor(π∗E) is the torsion sheaf of π∗E .
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It is well known that every Mi is Ka¨hler ([17]). As in [7], we fix arbitrary Ka¨hler metrics ηi
on Mi and set
ω1,ǫ = π
∗
1ω + ǫ1η1, ωi,ǫ = π
∗
i ωi−1,ǫ + ǫiηi (2.2)
for all 1 ≤ i ≤ k, where 0 < ǫi ≤ 1 and ǫ = (ǫ1, · · · , ǫk). Bando and Siu (Lemma 3 in [7])
derived a uniform Sobolev inequality for (M˜, ωǫ), by using Cheng and Li’s estimate ([9]), they
obtained the following uniform upper bounds of the heat kernels.
Proposition 2.1. (Proposition 2 in [7]) Let (M,ω) be a compact Ka¨hler manifold, and
π : M˜ → M be a single blow-up with smooth centre. Fix a Ka¨hler metric η on M˜ and set
ωǫ = π
∗ω+ ǫη, where 0 < ǫ ≤ 1. Let Kǫ be the heat kernel with respect to the metric ωǫ. Then,
for any τ > 0, there exists a constant CK(τ) independent of ǫ, such that
0 ≤ Kǫ(x, y, t) ≤ CK(τ)(t−n exp (− (dωǫ(x, y))
2
(4 + τ)t
) + 1) (2.3)
for every x, y ∈ M˜ and 0 < t < +∞, where dωǫ(x, y) is the distance between x and y with
respect to the metric ωǫ. There also exists a constant CG such that
Gǫ(x, y) ≥ −CG (2.4)
for every x, y ∈ M˜ and 0 < ǫ ≤ 1, where Gǫ is the Green function with respect to the metric
ωǫ.
Given a smooth Hermitian metric Hˆ on the bundle E, we denote the corresponding Chern
connection by DHˆ , and the corresponding curvature form by FHˆ .
|Λωk,ǫFHˆ |Hˆ
ωnk,ǫ
ηnk
= n
∣∣∣FHˆ ∧ ωn−1k,ǫ
ηnk
∣∣∣
Hˆ
≤ C˜0 sup
M˜
|FHˆ |Hˆ , (2.5)
where C˜0 is a uniform constant independent of ǫ. So there exists a uniform constant Cˆ0 such
that ∫
M˜
|Λωk,ǫFHˆ |Hˆ
ωnk,ǫ
n!
≤ Cˆ0, (2.6)
for all ǫ.
We consider the evolving metric Hk,ǫ(t) along the Hermitian-Yang-Mills flow (1.2) on the
holomorphic bundle E over M˜ with the fixed smooth initial metric Hˆ and with respect to the
Ka¨hler metric ωk,ǫ, i.e. it satisfies
H
−1
k,ǫ (t)
∂Hk,ǫ(t)
∂t
= −2(√−1Λωk,ǫFHk,ǫ(t) − λk,ǫIdE),
Hk,ǫ(0) = Hˆ,
(2.7)
where λk,ǫ =
2π
Vol(M˜,ωk,ǫ)
µωk,ǫ(E). For simplicity, set:
θ(H,ω) =
√−1ΛωFH − λωIdE . (2.8)
Along the heat flow (2.7), we have the following estimates (the proof can be found in Siu’s
lecture notes [41]):
(∆k,ǫ − ∂
∂t
)tr (θ(Hk,ǫ(t), ωk,ǫ)) = 0, (2.9)
(∆k,ǫ − ∂
∂t
)|θ(Hk,ǫ(t), ωk,ǫ)|2Hk,ǫ(t) = 2|DHk,ǫ(t)(θ(Hk,ǫ(t), ωk,ǫ))|2Hk,ǫ(t),ωk,ǫ , (2.10)
(∆k,ǫ − ∂
∂t
)|θ(Hk,ǫ(t), ωk,ǫ)|Hk,ǫ(t) ≥ 0, (2.11)
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| ∂
∂t
ln(tr (H−1k,ǫ (t0)Hk,ǫ(t)) + tr (H
−1
k,ǫ (t)Hk,ǫ(t0)))| ≤ 2|θ(Hk,ǫ(t), ωk,ǫ)|Hk,ǫ(t). (2.12)
Using the maximum principle and the above inequalities, we derive∫
M˜
|θ(Hk,ǫ(t), ωk,ǫ)|Hk,ǫ(t)
ωnk,ǫ
n!
≤
∫
M˜
|θ(Hˆ, ωk,ǫ)|Hˆ
ωnk,ǫ
n!
≤ Cˆ1, (2.13)
|θ(Hk,ǫ(t), ωk,ǫ)|Hk,ǫ(t)(x) ≤
∫
M˜
Kk,ǫ(x, y, t)|θ(Hˆ, ωk,ǫ)|Hˆ
ωnk,ǫ
n!
, (2.14)
and
|θ(Hk,ǫ(t+ 1), ωk,ǫ)|Hk,ǫ(t+1)(x) ≤
∫
M˜
Kk,ǫ(x, y, 1)|θ(Hk,ǫ(t), ωk,ǫ)|Hk,ǫ(t)
ωnk,ǫ
n!
, (2.15)
for all x ∈ M˜ and t > 0.
After obtaining local uniform C∞-bounds on Hk,ǫ(x, t), Bando and Siu ([7]) get the following
lemma.
Lemma 2.2. ([7]) By choosing a subsequence, Hk,ǫ(x, t) converges successively to a long time
solution H(x, t) of the Hermitian-Yang-Mills flow (1.2) on M \ ΣE × [0,+∞) in C∞loc-topology
as (ǫ1, · · · , ǫk)→ 0. Furthermore, H(x, t) is admissible and satisfies:∫
M
|θ(H(t), ω)|H(t)ω
n
n!
≤
∫
M
|θ(Hˆ, ω)|Hˆ
ωn
n!
≤ Cˆ1, (2.16)
|θ(H(t+ t˜), ω)|H(t+t˜)(x) ≤
∫
M
Kω(x, y, t)|θ(H(t˜), ω)|H(t˜)
ωn
n!
(2.17)
for all x ∈M \ ΣE , t > 0 and t˜ ≥ 0.
Denote by DAˆ the Chern connection on the holomorphic bundle E|M\ΣE with respect to the
initial metric Hˆ . Let h(t) = Hˆ−1H(t), using the identities
∂H(t) − ∂Hˆ = h−1(t)∂Hˆh(t),
FH(t) − FHˆ = ∂Aˆ(h−1(t)∂Hˆh(t)),
(2.18)
then we can rewrite (1.2) as
∂h(t)
∂t
= −2√−1h(t)Λω(FHˆ + ∂Aˆ(h−1(t)∂Hˆh(t))) + 2λE,ωh(t). (2.19)
Let’s consider the Hermitian vector bundle (E|M\ΣE , Hˆ). We denote by AHˆ the space of
connections of E|M\ΣE compatible with Hˆ, by A1,1Hˆ the space of unitary integrable connections
of E|M\ΣE , i.e.
A1,1
Hˆ
= {A ∈ AHˆ |F 0,2A = F 2,0A = 0}, (2.20)
and by GC (resp. G, where G = {σ ∈ GC|σ∗Hˆσ = Id}) the complex gauge group (resp.
unitary gauge group) of the Hermitian vector bundle (E|M\ΣE , Hˆ). GC acts on the space AHˆ
as follows: let σ ∈ GC and A ∈ AHˆ ,
∂σ(A) = σ ◦ ∂A ◦ σ−1, ∂σ(A) = (σ∗Hˆ)−1 ◦ ∂A ◦ σ∗Hˆ . (2.21)
In [15], Donaldson has shown that the Hermitian-Yang-Mills flow (1.2) is formally gauge-
equivalent to the Yang-Mills flow, i.e. we have the following proposition:
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Proposition 2.3. There is a family of complex gauge transformations σ(t) ∈ GC satisfying
σ∗Hˆ(t)σ(t) = h(t) = Hˆ−1H(t), where H(t) is the long time solution of the Hermitian-Yang-
Mills flow (1.2) with the initial metric Hˆ, such that A(t) = σ(t)(Aˆ) is a long time solution of
the Yang-Mills flow with the initial connection Aˆ, i.e. it satisfies:

∂A(t)
∂t
= −D∗A(t)FA(t),
A(0) = Aˆ.
(2.22)
It is well known that
σ−1(t) ◦ FA(t) ◦ σ(t) = FAˆ + ∂Aˆ(h−1(t)∂Aˆh(t)) = FH(t), (2.23)
σ−1(t) ◦DA(t)(ΛωFA(t)) ◦ σ(t) = DH(t)(ΛωFH(t)), (2.24)
and then
|FH(t)|2H(t) = |FA(t)|2Hˆ , (2.25)
|DH(t)(ΛωFH(t))|2H(t) = |DA(t)(ΛωFA(t))|2Hˆ . (2.26)
For simplicity, set
θ(A(t), ω) =
√−1ΛωFA(t) − λE,ωId, (2.27)
and
I(t) =
∫
M
|DA(t)θ(A(t), ω)|2Hˆ
ωn
n!
=
∫
M
|DH(t)θ(H(t), ω)|2H(t)
ωn
n!
. (2.28)
In the following we will prove that I(t) → 0 as t → +∞. When E is locally free, i.e. ΣE = ∅,
this was prove by Donaldson and Kronheimer ([16]). In the case that E is only reflexive, we
need new arguments because the base manifold M \ ΣE is non-compact.
Proposition 2.4. Let H(t) be the long time solution of the Hermitian-Yang-Mills flow (1.2)
with the initial metric Hˆ, then I(t)→ 0 as t→ +∞.
Proof. As that in the beginning of this section, there is a finite sequence of blowing up
πi :Mi →Mi−1 with smooth center, where i = 1, · · · , k, such that E = π∗E/tor(π∗E) is locally
free on M˜ , where π : M˜ → M is the composition of the sequence of blow-ups. The initial
Hermitian metric Hˆ is a smooth metric on E. By induction, we can assume that there is just
one blow-up, i.e. k = 1. Set ωǫ = π
∗ω + ǫη, where η is a fixed Ka¨hler metric on M˜ . Let Hǫ(t)
be the long time solution of the Hermitian-Yang-Mills flow (1.2) on the holomorphic bundle E
over M˜ with the fixed smooth initial metric Hˆ and with respect to the Ka¨hler metric ωǫ, i.e.
it satisfies 
H
−1
ǫ (t)
∂Hǫ(t)
∂t
= −2(√−1ΛωǫFHǫ(t) − λǫIdE),
Hǫ(0) = Hˆ.
(2.29)
Lemma 2.2 says that Hǫ(x, t) converges to the long time solution H(x, t) of the Hermitian-
Yang-Mills flow (1.2) on M \ ΣE × [0,+∞) in C∞loc-topology as ǫ → 0. We also denote by Aˆ
the Chern connection on the holomorphic vector bundle E with respect to the smooth metric
Hˆ . Let Aǫ(t) be the long time solution of the Yang-Mills flow on the Hermitian vector bundle
(E, Hˆ) over the Ka¨hler manifold (M˜, ωǫ), i.e.

∂Aǫ(t)
∂t
= −D∗Aǫ(t)FAǫ(t),
Aǫ(0) = Aˆ.
(2.30)
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Set
Iǫ(t) =
∫
M˜
|DAǫ(t)θ(Aǫ(t), ωǫ)|2Hˆ
ωnǫ
n!
=
∫
M˜
|DHǫ(t)θ(Hǫ(t), ωǫ)|2Hǫ(t)
ωnǫ
n!
. (2.31)
By the uniform bound on the heat kernel (2.3) and (2.14), there exists a uniform constant
C such that
sup
M˜
|θ(Aǫ(t), ωǫ)|Hˆ ≤ C˜ (2.32)
for any 0 < t0 ≤ t and 0 ≤ ǫ ≤ 1. Direct computations show that
dIǫ(t)
dt
= −2
∫
M˜
|D∗Aǫ(t)DAǫ(t)θ(Aǫ(t), ωǫ)|2Hˆ
ωnǫ
n!
+ 2Re
∫
M˜
〈[∂¯Aǫ(t)θ(Aǫ(t), ωǫ)− ∂Aǫ(t)θ(Aǫ(t), ωǫ), θ(Aǫ(t), ωǫ)], DAǫ(t)θ(Aǫ(t), ωǫ)〉Hˆ
ωnǫ
n!
≤8
∫
M˜
|DAǫ(t)θ(Aǫ(t), ωǫ)|2Hˆ |θ(Aǫ(t), ωǫ)|Hˆ
ωnǫ
n!
≤CIǫ(t),
(2.33)
where C is a uniform constant. So we know that there exists a uniform constant such that
Iǫ(t) ≤ eC(t−s)Iǫ(s), (2.34)
for any 0 < t0 ≤ s ≤ t and 0 ≤ ǫ ≤ 1.
Of course the formula (2.10) yields∫
M˜
|√−1ΛωǫFAǫ(t) − λId|2Hˆ
ωnǫ
n!
+ 2
∫ t
t0
∫
M˜
|DAǫ(s)θ(Aǫ(t), ωǫ)|2
ωnǫ
n!
ds
=
∫
M˜
|√−1ΛωǫFAǫ(t0) − λId|2Hˆ
ωnǫ
n!
.
(2.35)
According to Fatou’s lemma, we get∫
M\ΣE
|√−1ΛωFA(t) − λId|2Hˆ
ωn
n!
+ 2
∫ t
t0
∫
M\ΣE
∣∣∣∂A(s)
∂s
∣∣∣2ωn
n!
ds
≤
∫
M\ΣE
|√−1ΛωFA(t0) − λId|2Hˆ
ωn
n!
.
(2.36)
This implies that
∫
M˜
|√−1ΛωǫFAǫ(t) − λId|2Hˆ
ωnǫ
n! and
∫
M\ΣE |
√−1ΛωFA(t) − λId|2Hˆ ω
n
n! both are
monotonically nonincreasing with respect to t. Then we must have∫
M˜
|√−1ΛωǫFAǫ(t) − λId|2Hˆ
ωnǫ
n!
−
∫
M˜
|√−1ΛωǫFAǫ(t+1) − λId|2Hˆ
ωnǫ
n!
→ 0 (2.37)
and ∫
M\ΣE
|√−1ΛωFA(t) − λId|2H0
ωn
n!
−
∫
M\ΣE
|√−1ΛωFA(t+1) − λId|2H0
ωn
n!
→ 0, (2.38)
as t→ +∞.
For any m ≥ t0 > 0, there exists tm ∈ [m,m + 1], such that Iǫ(tm) =
∫m+1
m Iǫ(t)dt. From
the formula (2.35), it follows that
Iǫ(t) ≤e2CIǫ(tm) = e2C
∫ m+1
m
Iǫ(t)dt
=
e2C
2
( ∫
M˜
|√−1ΛωFA(m) − λId|2H0
ωnǫ
n!
−
∫
M˜
|√−1ΛωFA(m+1) − λId|2H0
ωnǫ
n!
)
,
(2.39)
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for any t ∈ [m+ 1,m+ 2]. Applying Fatou’s lemma again, we derive
I(t) ≤ lim
ǫ→0
Iǫ(t)
≤ lim
ǫ→0
e2C
2
( ∫
M˜
|√−1ΛωǫFAǫ(m) − λId|2Hˆ
ωnǫ
n!
−
∫
M˜
|√−1ΛωǫFAǫ(m+1) − λId|2Hˆ
ωnǫ
n!
)
=
e2C
2
(∫
M\ΣE
|√−1ΛωFA(m) − λId|2Hˆ
ωn
n!
−
∫
M\ΣE
|√−1ΛωFA(m+1) − λId|2Hˆ
ωn
n!
)
,
(2.40)
for any t ∈ [m+ 1,m+ 2]. This together with (2.38) means that I(t)→ 0, as t→ +∞.
✷
Now we recall other Hermitian-Yang-Mills type functionals which are introduced in [13]. For
any a ∈ u(R), let ϕα(a) =
∑R
j=1 |λj |α, where u(R) is the Lie algebra of the unitary group U(R),√−1λj are the eigenvalues of a, and α ≥ 1 is a real number. For a given real number N , define
the Hermitian-Yang-Mills type functionals as follows:
HYMα,N(A,M,ω) =
1
Vol(M,ω)
∫
M
ϕα(
1
2π
ΛωFA −
√−1N IdE)ω
n
n!
. (2.41)
Let Aǫ(t) be the long time solution of the Yang-Mills flow (2.30) on the Hermitian vector bundle
(E, Hˆ) over the Ka¨hler manifold (M˜, ωǫ). For any smooth convex ad-invariant function ϕ, we
have
(∆ωǫ −
∂
∂t
)ϕ(
1
2π
ΛωǫFAǫ(t) −
√−1N IdE) ≥ 0, (2.42)
whose proof can be found in [13] (Proposition 2.25). From [1] (Proposition 12.16), we know
that ϕα is a convex function on u(R) and it can be approximated by a family of smooth convex
ad-invariant functions ϕα,ρ as ρ→ 0. Integrating (2.42) gives that t 7→ HYMα,N(Aǫ(t), M˜ , ωǫ)
is nonincreasing along the Yang-Mills flow, for any 0 < ǫ ≤ 1. Since Hǫ(x, t) converges to the
long time solution H(x, t) of the Hermitian-Yang-Mills flow (1.2) outside ΣE in C∞loc-topology as
ǫ→ 0, and |ΛωFAǫ(t)|Hˆ is uniformly bounded for any 0 < ǫ ≤ 1 and 0 < t0 ≤ t, it is easy to see
that HYMα,N (Aǫ(t), M˜ , ωǫ)→ HYMα,N(A(t),M, ω) as ǫ → 0 and t 7→ HYMα,N(A(t),M, ω)
is also nonincreasing. So we obtain the following lemma.
Lemma 2.5. Let A(t) be the long time solution of the Yang-Mills flow (2.22) on the Hermitian
vector bundle (E|M\ΣE , Hˆ), then t 7→ HYMα,N(A(t),M, ω) is nonincreasing.
Clearly Fatou’s lemma tells us
4π2
∫
M
(2c2(E)− c1(E) ∧ c1(E)) ∧ ω
n−2
(n− 2)!
= lim
ǫ→0
4π2
∫
M˜
(2c2(E)− c1(E) ∧ c1(E)) ∧ ω
n−2
ǫ
(n− 2)!
= lim
ǫ→0
∫
M˜
tr (FAǫ(t) ∧ FAǫ(t)) ∧
ωn−2ǫ
(n− 2)!
= lim
ǫ→0
∫
M˜
(|FAǫ(t)|2Hˆ,ωǫ − |ΛωǫFAǫ(t)|
2
Hˆ
)
ωnǫ
n!
≥
∫
M\ΣE
|FA(t)|2Hˆ,ω
ωn
n!
−
∫
M\ΣE
|√−1ΛωFA(t)|2Hˆ
ωn
n!
,
(2.43)
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and then it holds that∫
M\ΣE
|FA(t)|2Hˆ,ω
ωn
n!
≤
∫
M\ΣE
|√−1ΛωFA(t)|2Hˆ
ωn
n!
+ 4π2
∫
M
(2c2(E)− c1(E) ∧ c1(E)) ∧ ω
n−2
(n− 2)!
≤
∫
M\ΣE
|√−1Λω(FA(t0))− λId|2Hˆ
ωn
n!
+ λ2rankE
∫
M\ΣE
ωn
n!
+ 4π2
∫
M
(2c2(E) − c1(E) ∧ c1(E)) ∧ ω
n−2
(n− 2)! ,
(2.44)
for all 0 < t0 ≤ t. For simplicity, in the sequel we set
HYM(A(t0)) =
∫
M\ΣE
|√−1Λω(FA(t0))− λId|2Hˆ
ωn
n!
+ λ2rankE
∫
M\ΣE
ωn
n!
+ 4π2
∫
M
(2c2(E)− c1(E) ∧ c1(E)) ∧ ω
n−2
(n− 2)! .
(2.45)
Let f be a smooth function with support in M \ ΣE , we have
d
dt
(∫
M
f2|FA(t)|2Hˆ,ω
ωn
n!
)
=− 2
∫
M
f2
(∣∣∣∂A(t)
∂t
∣∣∣2)ωn
n!
+ 2Re
∫
M
〈√−1Λω((∂ − ∂)(f2) ∧ (FA(t))), dA(t)
dt
〉 ωn
n!
− 2Re
∫
M
〈
(
√−1ΛωFA(t))(∂ − ∂)(f2), dA(t)
dt
〉 ωn
n!
.
(2.46)
Integrating over [s, τ ] with respect to t on both sides of (2.46) and using the inequality (2.44),
we deduce the following local energy estimate.
Lemma 2.6. (Lemma 5 in [22]) Let A(t) be the long time solution of the Yang-Mills flow
(2.22) on the Hermitian vector bundle (E|M\ΣE , Hˆ). For any x0 with B2R(x0) ⊂ M \ ΣE and
for any two finite numbers s, τ ≥ t0 > 0, we have∫
BR(x0)
|FA(t)|2Hˆ,ω(·, s)
ωn
n!
≤
∫
B2R(x0)
|FA(t)|2Hˆ,ω(·, τ)
ωn
n!
+ 2
∫ max {s,τ}
min {s,τ}
∫
B2R(x0)
(∣∣∣∂A
∂t
∣∣∣2 + 2∣∣∣∂φ
∂t
∣∣∣2)ωn
n!
dt
+ C
( |s− τ |
R2
HYM(A(t0))
∫ max {s,τ}
min {s,τ}
∫
M\ΣE
(∣∣∣∂A
∂t
∣∣∣2 + 2∣∣∣∂φ
∂t
∣∣∣2)ωn
n!
dt
) 1
2
,
(2.47)
where C is a uniform constant.
3. The limit behaviour of the Yang-Mills flow
In this section, we consider the limit behaviour of the Yang-Mills flow (2.22) on the Hermitian
bundle (E|M\ΣE , Hˆ). We first recall the monotonicity inequality and the ε-regularity theorem
obtained by Hong and Tian in [22]. For a fixed point u0 = (x0, t0) ∈M × R+, denote
Tr(x0, t0) =
{
u = (x, t) : t0 − 4r2 < t < t0 − r2, x ∈ X
}
,
Pr(u0) = Br(x0)× [t0 − r2, t0 + r2].
(3.1)
THE LIMIT OF THE HERMITIAN-YANG-MILLS FLOW ON REFLEXIVE SHEAVES 11
The fundamental solution of (backward) heat equation with singularity at (z0, t0) ∈ Cn × R+
is
G˜(z0,t0)(z, t) =
1
(4π(t0 − t))n exp
(
− |z − z0|
2
4(t0 − t)
)
, (t < t0). (3.2)
Denote the exponential map centered at x0 on (M,ω) by expx0 , and set
Gu0(x, t) = G˜(0,t0)(exp
−1
x0 (x), t). (3.3)
In the following, we denote dx0 = min{dist(x0,ΣE), i(M)}, where dist(x0,ΣE) is the distance
from x0 to the closed set ΣE , i(M) is the injective radius of (M,ω). Let ϕx0 ∈ C∞0 (Bdx0 (x0))
be a cut-off function such that ϕx0 ≡ 1 on Bdx0/2(x0), ϕx0 ≡ 0 outside Bdx0 (x0) and |∇ϕx0 | ≤
4/dx0. Let A(t) be the long time solution of the Yang-Mills flow (2.22) on the Hermitian vector
bundle (E|M\ΣE , Hˆ) with initial value Aˆ. Set
Φ(r;A) = r2
∫
Tr(x0,t0)
ϕ2x0Gu0 |FA(t)|2Hˆ,ω
ωn
n!
dt. (3.4)
The same argument in [22], only replacing the energy inequality by the above inequality (2.44)
concludes the following monotonicity inequalities.
Theorem 3.1. (Theorem 2 and 2’ in [22]) Let A(t) be the long time solution of the Yang-
Mills flow (2.22) with initial connection Aˆ on (M \ΣE , E|M\ΣE , ω). Then for any fixed t∗ > 0,
u0 = (x0, t0) ∈ M \ ΣE × [t∗, T ], and for r1 and r2 with 0 < r1 ≤ r2 < min {dx0 ,
√
t0 − t∗/2},
we have
Φ(r1;A) ≤ C exp(C(r2 − r1))Φ(r2;A) + C(r22 − r21)HYM(A(t∗)), (3.5)
where C is a positive constant which depends only on dist−1(x0,ΣE) and the geometry of (M,ω).
Furthermore, if R ≤ dx0 and fx0,R ∈ C∞0 (BR(x0)) is a cut-off function satisfying 0 ≤ fx0,R ≤ 1,
fx0,R ≡ 1 on BR/2(x0), |∇fx0,R| ≤ 8/R on BR(x0) \BR/2(x0), then we have
r21
∫
Tr1 (x0,t0)
|FA(t)|2Hˆ,ωf2x0,RGu0
ωn
n!
dt
≤C exp(C(r2 − r1))r22
∫
Tr2 (x0,t0)
|FA(t)|2Hˆ,ωf2x0,RGu0
ωn
n!
dt+ C(r22 − r21)HYM(A(t∗))
+ CR2−2n
∫
PR(x0,t0)
|FA(t)|2Hˆ,ω
ωn
n!
dt,
(3.6)
for any 0 < r1 ≤ r2 ≤ min {R/2,
√
t0 − t∗/2}, where C is a positive constant depending only
on the geometry of (M,ω).
Using the above monotonicity inequality (3.6), Hong and Tian obtain the following ε-
regularity theorem.
Theorem 3.2. (Theorem 4’ in [22]) Let A(t) be the long time solution of the Yang-Mills flow
(2.22) with initial connection Aˆ on (M \ ΣE , E|M\ΣE , ω), and t∗ be a positive number. There
exist positive constants ε0, δ0 < 1/4 such that for any x0 ∈M \ ΣE , if it holds that
R2−2n
∫
PR(x0,t0)
|FA(t)|2Hˆ,ω
ωn
n!
dt ≤ ε0, (3.7)
where 0 < R < min{dx0 ,
√
t0−t∗
2 }, then for any δ ∈ (0, δ0), we have
sup
PδR(x0,t0)
|FA(t)|2Hˆ,ω ≤ C(δR)−4, (3.8)
where C depends only on the geometry of (M,ω), δ−10 and HYM(A(t
∗)).
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Using the above ε-regularity theorem, we can analyze the limiting behavior of the Yang-Mills
flow (2.22) on (M \ΣE , E|M\ΣE , ω). We will modify Tian’s argument (Proposition 3.1.2 in [42])
and Hong-Tian’s argument (Proposition 6 in [22]) to be suitable for the non-compact case.
Theorem 3.3. Let A(t) be the long time solution of the Yang-Mills flow (2.22) with initial
connection Aˆ on the Hermitian vector bundle (E|M\ΣE , Hˆ) over (M \ ΣE , ω). Then for every
sequence tk → +∞, there exists a subsequence {tj} such that as tj → +∞, A(tj) converges,
modulo gauge transformations, to a solution A∞ of the Yang-Mills equation on a Hermitian
vector bundle (E∞, H∞) in C∞loc-topology outside Σ ⊂M , where Σ is a closed set of Hausdorff
complex codimension at least 2 and ΣE ⊂ Σ.
Proof. By Proposition 2.4, we know that
∫
M
| ∂A∂t |2Hˆ ω
n
n! → 0 as t→ +∞, and then
∫ tk+a
tk−a
∫
M
∣∣∣∂A
∂t
∣∣∣2
Hˆ
ωn
n!
dt→ 0, (3.9)
as tk → +∞, for any a > 0. Choosing r0 small enough and assuming that
r4−2n0
∫
Br0(x0)
|FA(tk)|2Hˆ,ω
ωn
n!
< ε1, (3.10)
where ε1 is determined later. Using the local energy estimate (2.47) gives us that ∀tk − r20 ≤
s ≤ tk + r20 , it holds that
∫
Br0/2(x0)
|FA(s)|2Hˆ,ω(·)
ωn
n!
≤
∫
Br0 (x0)
|FA(tk)|2Hˆ,ω(·)
ωn
n!
+ 2
∫ tk+r20
tk−r20
∫
Br0 (x0)
∣∣∣∂A
∂t
∣∣∣2ωn
n!
dt
+ C
(
HYM(A(t0))
∫ tk+r20
tk−r20
∫
M
∣∣∣∂A
∂t
∣∣∣2ωn
n!
dt
) 1
2
,
(3.11)
and
∫ tk+ r204
tk− r
2
0
4
∫
Br0/2(x0)
|FA(s)|2Hˆ,ω(·)
ωn
n!
ds
≤1
2
r20
(∫
Br0 (x0)
|FA(tk)|2Hˆ,ω(·)
ωn
n!
+ 2
∫ tk+r20
tk−r20
∫
Br0 (x0)
∣∣∣∂A
∂t
∣∣∣2ωn
n!
dt
+ C
(
HYM(A(t0))
∫ tk+r20
tk−r20
∫
M\Σ
∣∣∣∂A
∂t
∣∣∣2ωn
n!
dt
) 1
2
)
.
(3.12)
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Then (3.10) implies that, for sufficiently large tk,(r0
2
)2−2n ∫
Pr0/2(x0,tk)
|FA(t)|2Hˆ,ω(·)
ωn
n!
dt
≤22n−3r4−2n0
∫
Br0(x0)
|FA(tk)|2Hˆ,ω(·)
ωn
n!
dt
+ 22n−2r4−2n0
∫ tk+r20
tk−r20
∫
Br0 (x0)
∣∣∣∂A
∂t
∣∣∣2ωn
n!
dt
+ 22n−3Cr4−2n0
(
HYM(A(t0))
∫ tk+r20
tk−r20
∫
M\Σ
∣∣∣∂A
∂t
∣∣∣2ωn
n!
dt
) 1
2
≤22n−1ε1,
(3.13)
where we choose 22n−1ε1 ≤ ε0 and ε0 is the constant determined in Theorem 3.2. Therefore,
we obtain
sup
Pδr0/2(x0,tk)
|FA(t)|2Hˆ,ω ≤ C(δr0)−4 (3.14)
for any δ ∈ (0, δ0) and sufficiently large k, where C is a uniform constant.
Applying (3.14), (2.47) and Moser’s parabolic estimate to the following inequality
(∆− ∂
∂t
)|FA(t)|2Hˆ,ω ≥ −C(|FA(t)|Hˆ,ω + |Rm(ω)|ω)|FA(t)|2Hˆ,ω, (3.15)
we derive for sufficiently large k,
sup
(x,t)∈P δ0r0
8
(x0,tk)
|FA(t)|2Hˆ,ω(x) ≤ C(δ0r0)−4−2n
∫
P δ0r0
4
(x0,tk)
|FA(t)|2Hˆ,ω(·)
ωn
n!
dt
≤C(δ0r0)−2−2n sup
tk−( δ0r04 )2≤t≤tk+(
δ0r0
4 )
2
∫
B δ0r0
4
(x0)
|FA(t)|2Hˆ,ω(·)
ωn
n!
≤C(δ0r0)−2−2n
∫
B δ0r0
2
(x0)
|FA(t)|2Hˆ,ω(·)
ωn
n!
+ C(δ0r0)
−2−2nε1
≤C(δ4−2n0 (δ0r0)−6 + (δ0r0)−2−2n)ε1,
(3.16)
and then
(δr0)
4−2n
∫
Bδr0 (x0)
|FA(tk)|2Hˆ,ω
ωn
n!
≤(δr0)4−2nVol(Bδr0(x0))C(δ4−2n0 (δ0r0)−6 + (δ0r0)−2−2n)ε1
<ε1,
(3.17)
where δ ≤ rn+10 and r0 is small enough. Setting
ri = (ri−1)n+2 = r
(n+2)i
0 , (3.18)
and repeating the above argument, we know that (3.10) implies
(ri)
4−2n
∫
Bri (x0)
|FA(tk)|2Hˆ,ω
ωn
n!
< ε1, (3.19)
for i ≥ 1 and sufficiently large tk.
We set
dx = dist(x,ΣE), Ud = {x ∈M : dx < d}, (3.20)
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Σˆk,j,i = {x ∈M \ Urj : r4−2ni
∫
Bri (x)
|FA(tk)|2Hˆ,ω(·)
ωn
n!
≥ ε1}, (3.21)
for any k ≥ 1 and i ≥ j ≥ 1. By the standard diagonal process, we can choose a subsequence
which also is denoted by {tk} such that for each j ≤ i, Σˆk,j,i converges to a closed subset Σj,i
as k → +∞. From (3.19), it is easy to see that Σj,i1 ⊂ Σj,i2 for i1 ≥ i2. Define
Σj =
⋂
i
Σj,i,Σan =
⋃
j
Σj , Σ = ΣE
⋃
Σan. (3.22)
Claim 3.1. Σ is closed.
Proof. Suppose x0 ∈ M \ Σ and set d0 = dist(x0,ΣE) > 0. For any rj < d0, we have
x0 /∈ Σj , x0 /∈ Σj,i for i sufficiently large, and x0 /∈ Σˆk,j,i for tk sufficiently large. Then it
follows that
lim inf
k→∞
r4−2ni
∫
Bri (x0)
|FA(tk)|2Hˆ,ω
ωn
n!
< ε1, (3.23)
for i and k sufficiently large. Together with (3.14), fixing small ri0 , for any x ∈ B 1
8 δ0ri0
(x0) ⊂
M \ ΣE , we get
r4−2n
∫
Br(x)
|FA(tk)|2Hˆ,ω
ωn
n!
< ε1, (3.24)
when r is small enough and k is large enough. Clearly (3.24) implies that, for k and i sufficiently
large, B 1
8 δ0ri0
(x0) ∩ {ΣE ∪ Σˆk,j,i} = ∅, and
B 1
16 δ0ri0
(x0) ∩ {ΣE ∪ Σj,i} = ∅ (3.25)
for all j. Then B 1
16 δ0ri0
(x0) ∩ {ΣE ∪ Σj} = ∅ for all j, this means that B 1
16 δ0ri0
(x0) ⊂ M \ Σ
and concludes the proof of Claim 3.1.
Claim 3.2. The Hausdorff codimension of Σ is at least 4.
Proof. Since the sheaf E is torsion-free, it is well known that the Hausdorff codimension of
ΣE is at least 4 and the (2n−4)-dimensional Hausdorff measure is finite (i.e. H2n−4(ΣE) < +∞).
The definition says that
H2n−4δ (ΣE) = inf{
∑
α
(rα)
2n−4| ∪α Bxα(rα) ⊃ ΣE , rα < δ}, (3.26)
H2n−4(ΣE) = lim
δ→0
H2n−4δ (ΣE). (3.27)
Because H2n−4δ is monotonically nonincreasing with respect to δ, H
2n−4
δ (ΣE) ≤ H2n−4(ΣE) for
all δ. Since ΣE is compact, for an arbitrary δ0 > 0, there exists a finite cover of ΣE , {BRα(xα)},
such that
∑
α
(Rα)
2n−4 < H2n−4(ΣE) + 1 and Rα < δ0. Then we can find a positive number
δ′ < δ0 such that M \ ∪αBRα(xα) ⊂ M \ Uδ′ . So it follows that Σ ∩ (M \ ∪αBRα(xα)) ⊂
Σ ∩ (M \ Uδ′) and Σ ∩ (M \ Uδ′) is closed. Set
Σ˜δ′ = Σ ∩ (M \ Uδ′) = Σan ∩ (M \ Uδ′). (3.28)
Suppose that ri˜ ≤ 18δ′ < ri˜−1. Let r = ri˜ > 0, we can find a finite collection of geodesic balls
{B4r(xβ)} such that {B4r(xβ)} is a cover of Σ˜δ′ , xβ ∈ Σ˜δ′ for all i, and B2r(xβ1)∩B2r(xβ2) = ∅
for β1 6= β2. For every point xβ , suppose that xβ ∈ Σj and take i large enough such that ri < r,
then for k sufficiently large, there are yβ ∈ Σˆk,j,i such that dist(xβ , yβ) < r. It is easy to see
that {B5r(yβ)} is a finite covering of Σ˜δ′ and Br(yβ1) ∩Br(yβ2) = ∅ for β1 6= β2.
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Choosing sufficiently large k, yβ ∈ Σˆk,j,i, we know
(ri)
4−2n
∫
Bri (yβ)
|FA(tk)|2Hˆ,ω
ωn
n!
≥ ε1, (3.29)
for every β. Repeating the argument in the proof of (3.19) yields
(r)4−2n
∫
Br(yβ)
|FA(tk)|2Hˆ,ω
ωn
n!
≥ ε1, (3.30)
for every β. Summing over β and using the inequality (2.44), we get∑
β
ε1 <
∑
β
(r)4−2n
∫
Br(yβ)
|FA(tk)|2Hˆ,ω
ωn
n!
<(r)4−2n
∫
M
|FA(tk)|2Hˆ,ω
ωn
n!
≤(r)4−2nHYM(A(t1)),
(3.31)
and then ∑
α
R2n−4α +
∑
β
(5r)2n−4 < H2n−4(ΣE) + 1 +
1
ε1
52n−4HYM(A(t1)). (3.32)
It implies that
H2n−4δ0 (Σ) < H
2n−4(ΣE) + 1 +
1
ε1
52n−4HYM(A(t1)). (3.33)
Letting δ0 → 0, we obtain H2n−4(Σ) is finite. This concludes the proof of Claim 3.2.
Given a compact subset Ω ⊂ M \ Σ, we suppose Ω ⊂ M \ Ud0 for some d0 > 0. For any
point x0 ∈ Ω, as that in the proof of Claim 3.2, we know that, there is ri0 such that
sup
B δ0ri0
8
(x0)
|FA(tk)|2Hˆ,ω ≤ C(δ0ri0 )−4 (3.34)
for tk sufficiently large. Since Ω is compact, we can cover it by a finite union of balls such that
every ball satisfies the above estimate (3.34). So it follows that supΩ |FA(tk)|2Hˆ,ω is uniformly
bounded. Uhlenbeck’s Theorem (Theorem 3.6 in [43]) implies that there exists a subsequence
of {A(tk)}, modulo gauge transformations, converging to a connection A∞ weakly in L21,loc-
topology outside Σ, where A∞ is a solution of the Yang-Mills equation on a Hermitian vector
bundle (E∞, H∞) which is isometric to (E|M\ΣE , Hˆ) outsides Σ. Furthermore, by standard
parabolic regularity techniques and using Hong-Tian’s argument (Proposition 6 in [22]), we
know that A(tk) converges to A∞ in C∞loc-topology outside Σ. This concludes the proof of
Theorem 3.3.
✷
From the estimates (2.16) and (2.17), we see that |θ(A(t), ω)|Hˆ is uniformly bounded for
t ≥ t0 > 0. Through the same argument as that in Corollary 2.12 in [13] (or Corollary 3.12 in
[30]), we have the following corollary.
Corollary 3.4. Let A(tk) be a sequence of connections along the Yang-Mills flow (2.22) with
the limit A∞, then:
(1) θ(A(tk), ω)→ θ(A∞, ω) strongly in Lp as k→ +∞ for all 1 ≤ p <∞, and consequently
lim
t→+∞
∫
M
|θ(A(t), ω)|2
Hˆ
ωn
n!
=
∫
M
|θ(A∞, ω)|2H∞
ωn
n!
; (3.35)
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(2) ‖θ(A∞, ω)‖L∞ ≤ ‖θ(A(tk), ω)‖L∞ ≤ ‖θ(A(t0), ω)‖L∞ for 0 < t0 ≤ tk.
In the sequel, we call A∞ an Uhlenbeck limit of A(t). Since A∞ is a solution of the Yang-Mills
equation, i.e. it satisfies
D∗A∞FA∞ = 0, (3.36)
by the Ka¨hler indentity, we have
DA∞θ(A∞, ω) = 0, (3.37)
i.e. θ(A∞, ω) is parallel. On the other hand, (
√−1θ(A∞, ω))∗H∞ =
√−1θ(A∞, ω), we can de-
composeE∞ according to the eigenvalues of
√−1θ(A∞, ω) and obtain a holomorphic orthogonal
decomposition: E∞ =
⊕l
i=1 E
i
∞ on M \Σ. Let λi be the eigenvalues of
√−1θ(A∞, ω), Hi∞ be
the restrictions ofH∞ to Ei∞ and A
i
∞ = A∞|Ei , it is easy to see that Ai∞ is a Hermitian-Einstein
connection on (Ei∞, H
i
∞), i.e. it satisfies√−1ΛωFAi
∞
= λiIdEi
∞
. (3.38)
Of course (2.44) means that ∫
M\Σ
|FA∞ |2H∞
ωn
n!
≤ C <∞. (3.39)
Since the singularity set Σ is of Hausdorff codimension at least 4, by Theorem 2 in Bando and
Siu’s paper [7], we know that every (Ei∞, ∂Ai∞) can be extended to the whole M as a reflexive
sheaf (which is also denoted by (Ei∞, ∂Ai∞) for simplicity), and H
i
∞ can be smoothly extended
over the place where the sheaf (Ei∞, ∂Ai∞) is locally free. Therefore, we deduce the following
proposition.
Proposition 3.5. The limiting (E∞, ∂A∞) can be extended to the whole M as a reflexive sheaf
with a holomorphic orthogonal splitting
(E∞, ∂A∞ , H∞) =
l⊕
i=1
(Ei∞, ∂Ai∞ , H
i
∞), (3.40)
and Hi∞ is an admissible Hermitian-Einstein metric on the reflexive sheaf (E
i
∞, ∂Ai∞) for any
1 ≤ i ≤ l.
4. Lp-approximate critical Hermitian metric
In this section, we first recall the Harder-Narasimhan-Seshadri filtration of reflexive sheaves
([26], v.7.15, 7.17, 7.18; or [5], section 7). Then we prove the existence of Lp-approximate
critical Hermitian metric. We will modify Daskalopoulos and Wentworth’s cut-off argument
([13]) and Sibley’s trick ([38]) to be suitable for the reflexive sheaf case.
Let E be a reflexive sheaf over a compact Ka¨hler manifold (M,ω). If E is not ω-stable, there
is a filtration of E by coherent sub-sheaves
0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek˜ = E , (4.1)
such that the quotients Qj = Ej/Ej−1 are torsion-free, ω-semi-stable and µω(Qj) > µω(Qj+1).
We call it the Harder-Narasimhan filtration (abbr. HN-filtration) of E . The associated graded
sheaf GrHN (E) = ⊕k˜j=1Qj is uniquely determined by the isomorphism class of E and the Ka¨hler
class [ω].
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Definition 4.1. For a reflexive sheaf E of rank R over a compact Ka¨hler manifold (M,ω),
construct a nonincreasing R-tuple of numbers
~µ(E) = (µ1,ω, · · · , µR,ω) (4.2)
from the HN-filtration by setting: µi,ω = µω(Qj), for rank(Ej−1) + 1 ≤ i ≤ rank(Ej). We call
~µ(E) the Harder-Narasimhan type of E.
Remark: For a pair ~µ, ~λ of R-tuple’s satisfying µ1 ≥ · · · ≥ µR, λ1 ≥ · · · ≥ λR, and∑R
i=1 µi =
∑R
i=1 λi, we define:
~µ ≤ ~λ ⇔
∑
i≤k
µi ≤
∑
i≤k
λi, for all k = 1, · · · , R. (4.3)
Moreover, for every ω-semistable quotient sheaf Qj , there is a further filtration, which is
called by the Seshadri filtration, by subsheaves
0 = Ej,0 ⊂ Ej,1 ⊂ · · · ⊂ Ej,kj = Qj, (4.4)
such that the quotientsQj,α = Ej,α/Ej,α−1 are torsion-free and ω-stable, µω(Qj,α) = µω(Qj) for
each α. We call this double filtration {Ej,α} the Harder-Narasimhan-Seshadri filtration (abbr.
HNS-filtration) of the sheaf E . The associated graded sheaf: GrHNS(E) = ⊕k˜j=1 ⊕kjα=1 Qj,α is
uniquely determined by the isomorphism class of E and the Ka¨hler class [ω].
In the following, we denote the Harder-Narasimhan-Seshadri filtration (or HNS-filtration) of
E simply by:
0 = E0 ⊂ E1 ⊂ · · · ⊂ El−1 ⊂ El = E , (4.5)
where each Ei is a saturated subsheaf of E . Set
ΣHNS = ∪li=1(ΣQi ∪ΣE), (4.6)
and refer to it as the singularity set of the HNS-filtration, whereQi = Ei/Ei−1 for each 1 ≤ i ≤ l.
Since everyQi is torsion-free, it is well known that ΣHNS is a complex analytic subset of complex
codimension at least two.
By Hironaka’s flattening theorem ([19] or [7]), there is a finite sequence of blowing ups along
compact sub-manifolds such that, if we denote by π : M˜ → M the composition of all the
blowing ups, then π∗E/tor(π∗E) is locally free.
Proposition 4.2. Let E = π∗E/tor(π∗E), then we can get a filtration F˜ = {E˜i}li=1 of E from
the HNS-filtration of E:
0 = E˜0 ⊂ E˜1 ⊂ · · · ⊂ E˜l−1 ⊂ E˜l = E, over M˜ (4.7)
such that, for every 1 ≤ i ≤ l, E˜i is a reflexive sheaf, Q˜i = E˜i/E˜i−1 is torsion free and isomorphic
to the sheaf Qi outside π−1(ΣHNS). Furthermore, every quotient sheaf Q˜i in the filtration (4.7)
is ωǫ-stable for any 0 < |ǫ| ≤ ǫ∗ ≪ 1, and limǫ→0 degωǫ(Q˜i) = degω(Qi).
Proof. Pulling back the following exact sequences:
0→ Ei → E → Gi = E/Ei → 0, over M,
0→ Ei−1 → Ei → Qi = Ei/Ei−1 → 0, over M,
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we get
π∗Ei fi−→ π∗E → π∗Gi → 0, over M˜,
π∗Ei−1 fi−1−−−→ π∗E → π∗Gi−1 → 0, over M˜,
π∗Ei−1 gi−→ π∗Ei → π∗Qi → 0, over M˜.
Set Ti = tor(Imfi) = tor(Im{π∗Ei → π∗E}), T = tor(π∗E). Then we can obtain the
following exact sequence:
0→ Imfi/Ti → π∗E/T → Gˇi , π
∗E/T
Imfi/Ti
→ 0, over M˜.
Set E = π∗E/T , E˜i = SatE(Imfi/Ti) and then E˜i is reflexive. Clearly the definition gives
the following exact sequences:
0→ E˜i → E → G˜i , Gˇi/tor(Gˇi)→ 0, over M˜,
0→ E˜i−1 → E → G˜i−1 , Gˇi−1/tor(Gˇi−1)→ 0, over M˜.
Consider
π∗Ei−1
fi−1
%%▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
gi
// π∗Ei
fi

// π∗(Ei/Ei−1) // 0
π∗E
 ''❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
π∗(E/Ei)

π∗(E/Ei−1)
$$❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
0 0
.
Of course Imfi−1 = Im(fi ◦ gi) means that Imfi−1 is a subsheaf of Imfi. Hence the following
commutative diagram holds (all the horizontal sequences are exact):
0 // Ti−1 //

Imfi−1 //

Imfi−1/Ti−1 //
hi

0,
0 // Ti // Imfi // Imfi/Ti // 0,
where we define the map hi by the commutation (it is easy to check that hi is well-defined).
Moreover, a simple diagram shows that hi is injective. Noting that E˜i−1 = Ker{E → Gˇi−1/tor(Gˇi−1)}
and E˜i = Ker{E → Gˇi/tor(Gˇi)}, considering the following sequences:
E → Gˇi−1 → Gˇi−1/tor(Gˇi−1)→ 0, over M˜,
E → Gˇi → Gˇi/tor(Gˇi)→ 0, over M˜,
we can see E˜i−1 is a subsheaf of E˜i.
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Consider the following commutative diagram (all the vertical and horizontal sequences are
exact):
0

0

0

Ker(pi)

0 // E˜i−1 //

E // G˜i−1 //
pi

0
0 // E˜i //

E //

G˜i //

0
E˜i/E˜i−1

0 0
0
where we define the map pi by the commutation and it is easy to check pi is well-defined
(moreover, pi is surjective). The snake lemma tells us E˜i/E˜i−1 ∼= Ker(pi) and then Q˜i is
torsion free (because G˜i−1 is torsion free). By a similar argument as that in Theorem 4.9,
Proposition 4.10, Proposition 4.12 in [38], it is easy to see that limǫ→0 degωǫ(Q˜i) = degω(Qi),
and Q˜i in the filtration (4.7) is ωǫ-stable for any 0 < |ǫ| ≤ ǫ∗ ≪ 1 and 1 ≤ i ≤ l.
✷
Let H be a smooth Hermitian metric on the holomorphic bundle E, and F = {Fi}li=1 be a
filtration of E by saturated subsheaves:
0 = F0 ⊂ F1 ⊂ · · · ⊂ Fl−1 ⊂ Fl = E.
For each Fi and the metric H , we have the associated unitary projection π
H
i : E → E onto Fi,
where πHi is an L
2
1-bounded Hermitian endomorphism. For convenience, set π
H
0 = 0. Given
real numbers µ1, · · · , µl and a filtration F , we define an L21-bounded Hermitian endomorphism
of E by
Ψ(F , (µ1, · · · , µl), H) = Σli=1µi(πHi − πHi−1). (4.8)
The Harder-Narasimhan projection ΨHNω (E, ,H) is the L
2
1-bounded Hermitian endomorphism
defined above in the particular case where F is the HN-filtration FHN = {FHNi (E)}li=1 and
µi = µω(F
HN
i (E)/F
HN
i−1 (E)).
Definition 4.3. Fix δ > 0 and 1 ≤ p ≤ ∞. An Lp-δ-approximate critical Hermitian metric
on a holomorphic bundle E over a compact Ka¨hler manifold (M,ω) is a smooth metric H such
that
‖
√−1
2π
Λω(FAH )−ΨHNω (E,H)‖Lp(ω) ≤ δ,
where AH is the Chern connection determined by (∂E , H).
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Now recall the following lemma which was proved by Sibley in [38] (Lemma 5.3).
Lemma 4.4. Let (M,ω) be a compact Ka¨hler manifold of complex dimension n, and π :M →
M be a blow-up along a smooth complex sub-manifold Σ of complex co-dimension k where k ≥ 2.
Let η be a Ka¨hler metric on M , and consider the family of Ka¨hler metrics ωǫ = π
∗ω+ǫη, where
0 < ǫ ≤ 1. Then for any 0 ≤ γ < 1k−1 , we have η
n
ωnǫ
∈ Lγ(M, η), and the Lγ(M, η)-norm of ηnωnǫ
is uniformly bounded in ǫ, i.e. there is a positive constant C∗ such that∫
M
( ηn
ωnǫ
)γ ηn
n!
≤ C∗ (4.9)
for all ǫ.
Fixing a number γ˜ < 1n−1 , for 0 < γ ≪ γ˜, using the Ho¨lder inequality, we have∫
M˜
( ηnk
ωnk,ǫ
)γ ηnk
n!
≤
∫
M˜
( ηnk
(π∗kηk−1 + ǫkηk)n
)1+γ( (π∗kηk−1 + ǫkηk)n
ωnk,ǫ
)γ (π∗kηk−1 + ǫkηk)n
n!
≤
(∫
M˜
( ηnk
π∗kηk−1 + ǫkηk
)γ ηnk
n!
) 1+γ
1+γ˜
(∫
M˜
((π∗kηk−1 + ǫkηk)n
ωnk,ǫ
) γ(1+γ˜)
γ˜−γ (π∗kηk−1 + ǫkηk)
n
n!
) (γ˜−γ)
1+γ˜
.
(4.10)
Taking limit ǫk → 0 in (4.10) and using (4.9) yield∫
M˜
( ηnk
ωnk−1,ǫ
)γ ηnk
n!
= lim
ǫk→0
∫
M˜
( ηnk
ωnk,ǫ
)γ ηnk
n!
≤ lim
ǫk→0
(
C∗
) 1+γ
1+γ˜
( ∫
M˜
((π∗kηk−1 + ǫkηk)n
ωnk,ǫ
) γ(1+γ˜)
γ˜−γ (π∗kηk−1 + ǫkηk)
n
n!
) (γ˜−γ)
1+γ˜
=
(
C∗
) 1+γ
1+γ˜
(∫
Mk−1
((ηk−1)n
ωnk−1,ǫ
) γ(1+γ˜)
γ˜−γ (ηk−1)n
n!
) (γ˜−γ)
1+γ˜
.
(4.11)
Repeating the argument in (4.10) and taking limit ǫi → 0 successively, we know that there
exists a positive constant a∗ ≪ 1n−1 such that
lim
ǫ1→0
· · · lim
ǫk→0
∫
M˜
( ηnk
ωnk,ǫ
)γ ηnk
n!
≤ C˜∗ (4.12)
for all 0 < γ ≤ a∗, where C˜∗ is a uniform constant.
Proposition 4.5. Let E be a reflexive sheaf on a smooth compact Ka¨hler manifold (M,ω), and
FHNS = {Ei}li=1 be the HNS-filtration of E by saturated subsheaves:
0 = E0 ⊂ E1 ⊂ · · · ⊂ El−1 ⊂ El = E , (4.13)
where every quotient Qi = Ei/Ei−1 is torsion-free and ω-stable. Let π : M˜ → M be the
composition of a finite sequence of blowing ups along compact sub-manifolds such that E =
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π∗E/tor(π∗E) is locally free. Then there exists a positive constant a˜∗ such that, for any δ > 0
and any 1 ≤ p < 1 + a˜∗, there is a smooth metric H on E such that
‖
√−1
2π
Λω(F(E,H))−Ψ(F , (µ1,ω, · · · , µl,ω), H)‖Lp(M,ω) ≤ δ, (4.14)
where µi,ω is the ω-slope of Ei and (E , H) is the Chern connection on E with respect to the
metric H.
Proof. Consider the filtration F˜ = {E˜i}li=1 of E over M˜ which is constructed in Proposition
4.2. Every quotient sheaf Q˜i in the filtration (4.7) is ωǫ-stable for all 0 < |ǫ| ≤ ǫ∗. Following
Sibley’s argument ([38]), we can construct a resolution of the filtration (4.7) such that the
pullback bundle has a filtration by subbundles, which away from the exceptional divisor is
precisely the filtration (4.7). Using Daskalopoulos and Wentworth’s cut-off argument ([13])
and Sibley’s trick ([38]), we can obtain an Lp-approximate critical Hermitian metric on the
holomorphic vector bundle E over the Ka¨hler manifold (M˜, ωǫ) (Theorem 5.12 in [38]). Given
δ′ > 0 and any 1 ≤ p′ < +∞, for every small ǫ′, there exists a smooth Hermitian metric Hǫ′
on E such that
‖
√−1
2π
Λωǫ′ (F(E,∂E ,Hǫ′ ))−Ψ(F˜ , (µ1,ωǫ′ , · · · , µl,ωǫ′ ), Hǫ′)‖Lp′(M˜\π−1(ΣHNS),ωǫ′ ) ≤ δ
′. (4.15)
We choose a smooth metric Hǫ′ satisfying (4.15) for some ǫ
′ and p′ which will be chosen
later. For simplicity, denote Θ1 =
√−1
2π (F(E,∂E ,Hǫ′ )). A straightforward computation shows
that
‖
√−1
2π
Λωǫ(F(E,∂E ,Hǫ′ )
)−Ψ(F˜ , (µ1,ωǫ , · · · , µl,ωǫ), Hǫ′)‖Lp(M˜,ωǫ)
≤ ‖Λωǫ(Θ1 −
ωǫ′
n
Ψ(F˜ , (µ1,ωǫ′ , · · · , µl,ωǫ′ ), Hǫ′))‖Lp(M˜,ωǫ)
+ ‖ 1
n
Λωǫ(ωǫ′ − ωǫ)Ψ(F˜ , (µ1,ωǫ′ , · · · , µl,ωǫ′ ), Hǫ′)‖Lp(M˜,ωǫ)
+ ‖Ψ(F˜ , (µ1,ωǫ , · · · , µl,ωǫ), Hǫ′)−Ψ(F˜ , (µ1,ωǫ′ , · · · , µl,ωǫ′ ), Hǫ′)‖Lp(M˜,ωǫ).
(4.16)
Clearly the Chern-Weil theory implies∫
M˜
(2c2(E)− c1(E) ∧ c1(E)) ∧ ω
n−2
ǫ′
(n− 2)!
=
∫
M˜
|Θ1|2Hǫ′ − |Λωǫ′Θ1|2Hǫ′
ωnǫ′
n!
,
(4.17)
Setting Θ2 = Θ1 − ωǫ′n Ψ(F˜ , (µ1,ωǫ′ , · · · , µl,ωǫ′ ), Hǫ′), we know that ‖Θ2‖L2(M˜,ωǫ′ ) is bounded
uniformly. In the sequel, we always assume that 1 ≤ p < 1 + a∗2+a∗ . From the definition of Λω,
it follows that
‖ΛωǫΘ2‖Lp(M˜,ωǫ) =
∥∥∥ωnǫ′
ωnǫ
(
Λωǫ′Θ2 + n
Θ2 ∧ (ωn−1ǫ − ωn−1ǫ′ )
ωnǫ′
)∥∥∥
Lp(M˜,ωǫ)
≤
∥∥∥ωnǫ′
ωnǫ
(Λωǫ′Θ2)
∥∥∥
Lp(M˜,ωǫ)
+ n
k∑
β=1
|ǫβ − ǫ′β|
∥∥∥Θ2 ∧ ηβ ∧ (
∑n−2
i=0 ω
n−i−2
ǫ ∧ ωiǫ′)
ωnǫ
∥∥∥
Lp(M˜,ωǫ)
.
(4.18)
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Direct calculations show that
∥∥∥ωnǫ′
ωnǫ
(Λωǫ′Θ2)
∥∥∥p
Lp(M˜,ωǫ)
=
∫
M˜
|Λωǫ′Θ2|p
(ωnǫ′
ωnǫ
)p−1ωnǫ′
n!
≤
(∫
M˜
|Λωǫ′Θ2|p·a
ωnǫ′
n!
) 1
a
( ∫
M˜
(ωnǫ′
ωnǫ
)(p−1)·bωnǫ′
n!
) 1
b
,
(4.19)
where p · a = p′, since p
1− 1
a∗
(p−1) < p˜ and
1
a +
1
b = 1, we have (p − 1)b < a∗. Let U be a
neighborhood of the singularity set ΣE . Since π∗ω is degenerate only along π−1(ΣE), there
must exist a positive constant CU depending only on U such that π
∗ω ≥ CUηβ on M˜ \ U for
all 1 ≤ β ≤ k. On the other hand, we can suppose that π∗ω ≤ CMηk on M˜ for some positive
constant CM . Now suppose that ǫ < ǫ
′, then we get
∫
M˜\U
∣∣∣Θ2 ∧ ηβ ∧ (∑n−2i=0 ωn−i−2ǫ ∧ ωiǫ′)
ωnǫ
∣∣∣pωnǫ
n!
=
∫
M˜\U
∣∣∣Θ2 ∧ ηβ ∧ (
∑n−2
i=0 ω
n−i−2
ǫ ∧ ωiǫ′)
ωnǫ′
∣∣∣p(ωnǫ′
ωnǫ
)(p−1)ωnǫ′
n!
≤ C(n)C−pU
∫
M˜\U
|Θ2|pωǫ1
(ωnǫ′
ωnǫ
)(p−1)ωnǫ′
n!
≤ C(n)C−(n+1)p+nU (CM + |ǫ′|)n(p−1)
∫
M˜\U
|Θ2|pωǫ′
ωnǫ′
n!
,
(4.20)
where C(n) is a uniform constant. On the other hand, we know
∫
U
|ǫβ − ǫ′β|p
∣∣∣Θ2 ∧ ηβ ∧ (
∑n−2
i=0 ω
n−i−2
ǫ ∧ ωiǫ′)
ωnǫ
∣∣∣pωnǫ
n!
=
∫
U
|ǫβ − ǫ′β|p
∣∣∣Θ2 ∧ ηβ ∧ (∑n−2i=0 ωn−i−2ǫ ∧ ωiǫ′)
ωnǫ′
∣∣∣p(ωnǫ′
ωnǫ
)(p−1)ωnǫ′
n!
≤ C(n)
( ∫
U
|Θ2|2ωǫ′
ωnǫ′
n!
) p
2
( ∫
U
(ωnǫ′
ωnǫ
) 2p−2
2−p ωnǫ′
n!
) 2−p
2
≤ C(n)(Vol(U, ωǫ′))
2−p
2 (1− 1b˜ )
( ∫
U
|Θ2|2ωǫ′
ωnǫ′
n!
) p
2
(∫
U
(ωnǫ′
ωnǫ
) 2p−2
2−p ·b˜ωnǫ′
n!
) 2−p
2b˜
,
(4.21)
where b˜ = 12 (
2p−2
2−p + a
∗) · (2p−22−p )−1, and note that the condition on p gives us 2p−22−p · b˜ < a∗.
Combining (4.18), (4.19), (4.20) and (4.21), we derive
‖ΛωǫΘ2‖Lp(M˜,ωǫ) ≤
k∑
β=1
Cˆ1|ǫβ − ǫ′β|C
−(n+1)+np
U ‖Θ2‖Lp(M˜,ωǫ′)
+ Cˆ2‖Λωǫ′Θ2‖Lp′(M˜,ωǫ1)
( ∫
M˜
(ωnǫ′
ωnǫ
)(p−1)·bωnǫ′
n!
) 1
pb
+ Cˆ2(Vol(U, ωǫ1))
C(p,a∗)‖Θ2‖L2(M˜,ωǫ′)
(∫
U
(ωnǫ′
ωnǫ
) 2p−2
2−p ·b˜ωnǫ′
n!
) 2−p
2pb˜
,
(4.22)
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where C(p, a∗) = 1−p2 − 2(p−1)(2−p)2p−2+a∗(2−p) . This together with (4.12) implies
lim
ǫ1→0
· · · lim
ǫk→0
‖ΛωǫΘ2‖Lp(M˜,ωǫ) ≤
k∑
β=1
Cˆ1|ǫ′β|C
−(n+1)+np
U ‖Θ2‖Lp(M˜,ωǫ′)
+ Cˆ∗Cˆ2
(
‖Λωǫ′Θ2‖Lp′(M˜,ωǫ1) + (Vol(U, ωǫ1))
C(p,a∗)‖Θ2‖L2(M˜,ωǫ′)
)
,
(4.23)
where Cˆ∗ is a uniform constant. We may choose U such that Vol(U, ω1) small enough first, and
then δ˜ and ǫ′ both sufficiently small so that
lim
ǫ1→0
· · · lim
ǫk→0
‖ΛωǫΘ2‖Lp(M˜,ωǫ) ≤
δ
3
. (4.24)
By (4.12) and the fact that µi,ωǫ → µi,ω as ǫ → 0, we may choose ǫ′ small enough so that
the second and third terms in (4.16) are both smaller than δ3 , hence it follows that
‖
√−1
2π
Λω(F(E,Hǫ′ ))−Ψ(F , (µ1,ω, · · · , µl,ω), Hǫ′)‖Lp(M,ω) ≤ δ. (4.25)
✷
5. The HN type of the Uhlenbeck limit
Let E be a reflexive sheaf on a smooth Ka¨hler manifold (M,ω), H(t) be a solution of the
Hermitian-Yang-Mills flow (1.2) on E|M\ΣE with the initial metric Hˆ , and A(t) be the related
Yang-Mills flow (2.22) on the Hermitian vector bundle (E|M\ΣE , Hˆ). Let A∞ be an Uhlenbeck
limit. From Theorem 3.3, we know that A∞ is a smooth Yang-Mills connection on the Hermitian
bundle (E∞, H∞) overM \ (ΣE ∪Σan), and θ(A∞, ω) is parallel, then the constant eigenvalues
vector ~λ∞ = (λ1, · · · , λR) of
√−1
2π ΛωFA∞ is just the HN type of the extended Uhlenbeck limit
sheaf E∞ = (E∞, ∂A∞). Denote by ~µ0 = (µ1, · · · , µR) the HN type of the reflexive sheaf E . In
this section, we will show that the HN type of the limiting sheaf for the Hermitian-Yang-Mills
flow (1.2) is in fact equal to the HN type of the reflexive sheaf E , i.e. ~λ∞ = ~µ0.
Lemma 5.1. Let A(t) be the long time solution of the Yang-Mills flow (2.22) on a complex
vector bundle E|M\ΣE of rank R with a Hermitian metric Hˆ. Let S be a coherent subsheaf of E.
Suppose there is a sequence {Aj}, modulo gauge transformations, such that
√−1Λω(FAj )→ B
in L1 as j → +∞, where B ∈ L1(√−1u(E)), and the eigenvalues λ1 ≥ · · · ≥ λR of 12πB are
constant almost everywhere. Then: degω(S) ≤
∑
i≤rank(S) λi.
Proof. Because degω(S) ≤ degω(SatE(S)), we may assume that S is saturated. As before,
let π : M˜ → M be the composition of a finite sequence of blowups resolving the sheaf E , i.e.
such that E = π∗E/tor(π∗E) is locally free. Considering the exact sequence
0→ S → E → Q→ 0, over M, (5.1)
we get the following exact sequences
π∗S
f1−→ π∗E → π∗Q→ 0, over M˜, (5.2)
and
0→ Im(f1)/tor(Im(f1))→ E = π∗E/tor(π∗E)→ Qˇ→ 0, over M˜, (5.3)
where Qˇ = EIm(f1)/tor(Im(f1)) . Setting Sˆ = SatE(Im(f1)/tor(Im(f1))), since π is biholomorphic
outside ΣE and codim(ΣE ) ≥ 3, we have (π)∗Sˆ = S on M \ ΣE .
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Let Hk,ǫ(t) be the long time solution of the Hermitian-Yang-Mills flow (2.7) on the holomor-
phic bundle E over M˜ with the fixed smooth initial metric Hˆ and with respect to the Ka¨hler
metric ωk,ǫ. Clearly Lemma 2.2 and Proposition 2.3 say that Hk,ǫ(x, t) converges successively to
the long time solutionH(x, t) of the Hermitian-Yang-Mills flow (1.2) as ǫ→ 0, A(t) = σ(t)(DHˆ)
and σ(t)∗ ◦σ(t) = Hˆ−1H(t). Let πH(t) (resp. πHk,ǫ(t)) denote the orthogonal projection onto S
(resp. Sˆ) with respect to the Hermitian metric H(t) (resp. Hk,ǫ(t)). Using the Gauss-Codazzi
equation and Fatou’s lemma, we derive
degω(S) =
∫
M
c1(detS) ∧ ω
n−1
(n− 1)!
=
∫
M
c1(π∗(det Sˆ)) ∧ ω
n−1
(n− 1)!
=
∫
M˜
c1(det Sˆ) ∧ π
∗ωn−1
(n− 1)!
= lim
ǫ→0
∫
M˜
c1(Sˆ) ∧ ω
n−1
ǫ
(n− 1)!
= lim
ǫ→0
1
2π
∫
M˜
(tr (
√−1Λωǫ(FHǫ(t))πHǫ(t))− |∂¯EπHǫ(t)|2)
ωnǫ
n!
≤ 1
2π
∫
M
(tr (
√−1Λω(FH(t))πH(t))− |∂¯EπH(t)|2)ω
n
n!
≤ 1
2π
∫
M
tr (
√−1Λω(FH(t))πH(t))ω
n
n!
=
1
2π
∫
M
tr (
√−1Λω(σ−1(t) ◦ FA(t) ◦ σ(t))πH(t))ω
n
n!
=
1
2π
∫
M
tr ((
√−1ΛωFA(t) − B)(σ(t) ◦ πH(t) ◦ σ−1(t)))ω
n
n!
+
1
2π
∫
M
tr (B(σ(t) ◦ πH(t) ◦ σ−1(t)))ω
n
n!
(5.4)
for t > 0. By a result from linear algebra (Lemma 2.20 in [13]), we obtain 12π tr (B(σ(t)◦πH(t) ◦
σ−1(t))) ≤ ∑i≤rank(S) λi. So it holds that degω(S) ≤ ∑i≤rank(S) λi + 12π‖√−1Λω(FA(tj)) −
B‖L1. Letting j →∞ concludes the proof of the lemma.
✷
Combining (2.9), Lemma 2.2 and Corollary 3.4, we know∫
M˜
tr (θ(Hk,ǫ(t), ωk,ǫ))
ωnǫ
n!
=
∫
M˜
tr (θ(Hˆ, ωk,ǫ))
ωnǫ
n!
, (5.5)
and then
degω(E) =
∫
M
tr (
√−1
2π
ΛωFHˆ)
ωn
n!
=
∫
M
tr (
√−1
2π
ΛωFA∞)
ωn
n!
= degω(E∞, ∂A∞), (5.6)
i.e.
R∑
α=1
µα =
R∑
α=1
λα. (5.7)
THE LIMIT OF THE HERMITIAN-YANG-MILLS FLOW ON REFLEXIVE SHEAVES 25
Let {Ei}li=1 be the HNS-filtration of the reflexive sheaf E . Applying Lemma 5.1 yields:∑
α≤rankEi
µα = degω(Ei) ≤
∑
α≤rankEi
λα (5.8)
for all i. Of course Lemma 2.3 in [13] means
~µ0 ≤ ~λ∞. (5.9)
For further consideration, we show the continuous dependence of the Hermitian-Yang-Mills
flow (1.2) on initial metrics.
Lemma 5.2. Let Hˆ1 and Hˆ2 be two smooth metrics on the holomorphic bundle E over M˜ ,
and δ˜ = supx∈M˜ (tr Hˆ
−1
1 Hˆ2 + tr Hˆ
−1
2 Hˆ1 − 2 rank(E)). If Hi(t) is the long time solution of the
Hermitian-Yang-Mills flow (1.2) on E|M\ΣE with the initial metric Hˆi respectively for i = 1, 2,
then for any t > 0, ∫
M
|√−1ΛωFH2(t) −
√−1ΛωFH1(t)|2H1(t)
ωn
n!
dt ≤ ft(δ˜), (5.10)
where ft : R
+ → R+ is a continuous function satisfying ft(x)→ 0 as x→ 0.
Proof. Let H(i,ǫ)(t) be the long time solution of the Hermitian-Yang-Mills flow (1.2) on
the holomorphic bundle E over M˜ with the smooth initial metric Hˆi and with respect to the
Ka¨hler metric ωǫ, where i = 1, 2. Set
h˜ǫ(t) = H
−1
(1,ǫ)(t)H(2,ǫ)(t). (5.11)
It is easy to check that
tr (
√−1h˜ǫ(t)(ΛωǫFH(2,ǫ)(t)−ΛωǫFH(1,ǫ)(t))) = −
1
2
∆ωǫtr h˜ǫ(t)+tr (−
√−1Λωǫ ∂¯h˜ǫ(t)h˜−1ǫ (t)∂H1(t)h˜ǫ(t)),
(5.12)
tr (
√−1h˜−1ǫ (t)(ΛωǫFH(1,ǫ)(t)−ΛωǫFH(2,ǫ)(t))) = −
1
2
∆ωǫtr h˜
−1
ǫ (t)+tr (−
√−1Λωǫ ∂¯h˜−1ǫ (t)h˜ǫ(t)∂H(2,ǫ)(t)h˜−1ǫ (t)),
(5.13)
tr (
√−1(h˜ǫ(t)− h˜−1ǫ (t))(ΛωǫFH(2,ǫ)(t) − ΛωǫFH(1,ǫ)(t)))
=− 1
2
∆ωǫ(tr h˜ǫ(t) + tr h˜
−1
ǫ (t)) + tr (−
√−1Λωǫ ∂¯h˜ǫ(t)h˜−1ǫ (t)∂H(1,ǫ)(t)h˜ǫ(t))
+ tr (−√−1Λωǫ ∂¯h˜−1ǫ (t)h˜ǫ(t)∂H(2,ǫ)(t)h˜−1ǫ (t)),
(5.14)
and
(∆ωǫ −
∂
∂t
)(tr h˜ǫ(t) + tr h˜
−1
ǫ (t)− 2 rank(E)) ≥ 0. (5.15)
The inequality (5.15) together with the maximum principle gives us
sup
x∈M˜
(tr h˜ǫ(t) + tr h˜
−1
ǫ (t)− 2 rank(E)) ≤ sup
x∈M˜
(tr h˜ǫ(0) + tr h˜
−1
ǫ (0)− 2 rank(E)) = δ˜. (5.16)
In the following, we assume that δ˜ is small enough. Suppose λi is the eigenvalue of h˜ǫ(t) for
1 ≤ i ≤ n, then
1−
√
δ˜(δ˜ + 4n) ≤ λi ≤ 1 +
√
δ˜(δ˜ + 4n), (5.17)
1−
√
δ˜(δ˜ + 4n) ≤ 1
λi
≤ 1 +
√
δ˜(δ˜ + 4n), (5.18)
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and
− 2
√
δ˜(δ˜ + 4n)Id ≤ h˜ǫ(t)− h˜−1ǫ (t) ≤ 2
√
δ˜(δ˜ + 4n)Id. (5.19)
A direct computation shows that
|tr (√−1(h˜ǫ(t)− h˜−1ǫ (t))(ΛωǫFH(2,ǫ)(t) − ΛωǫFH(1,ǫ)(t)))|
≤2√n
√
δ˜(δ˜ + 4n)|ΛωǫFH(2,ǫ)(t) − ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t)
≤
√
δ˜(δ˜ + 4n)
(√
n
(
1 +
√
δ˜(δ˜ + 4n)
)
|ΛωǫFH(2,ǫ)(t)|H(2,ǫ)(t) + |ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t)
)
.
(5.20)
Set T˜ǫ(t) = h˜
−1
ǫ (t)∂H(1,ǫ)(t)h˜ǫ(t). Clearly (5.18) implies that
|T˜ǫ(t)|2H1(t),ωǫ ≤
√
n
(
1 +
√
δ˜(δ˜ + 4n)
)
tr (−√−1Λωǫ ∂¯h˜ǫ(t)h˜−1ǫ (t)∂H(1,ǫ)(t)h˜ǫ(t)). (5.21)
From (2.13), it follows that there exists a uniform constant C such that
∫
M˜
|ΛωǫFH(2,ǫ)(t)|H(2,ǫ)(t)
ωnǫ
n!
+
∫
M˜
|ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t)
ωnǫ
n!
≤ C, (5.22)
for any t ≥ 0 and 0 < ǫ ≤ 1. Combining (5.14) and (5.19), we get
∫
M˜
|T˜ǫ(t)|2H1(t),ωǫ
ωnǫ
n!
≤Cn
(
1 +
√
δ˜(δ˜ + 4n)
)2√
δ˜(δ˜ + 4n)
≤C
√
δ˜.
(5.23)
By straightforward calculations, we deduce
∂
∂t
T˜ǫ(t) =− h˜−1ǫ (t)
∂h˜ǫ(t)
∂t
h˜−1ǫ (t)∂H(1,ǫ)(t)h˜ǫ(t) + h˜
−1
ǫ (t)∂H(1,ǫ)(t)
(
h˜ǫ(t)h˜
−1
ǫ (t)
∂h˜ǫ(t)
∂t
)
+ h˜−1ǫ (t)
∂
∂t
(∂H(1,ǫ)(t))h˜ǫ(t)
=∂H(2,ǫ)(t)
(
h˜−1ǫ (t)
∂h˜ǫ(t)
∂t
)
+ h˜−1ǫ (t)
∂
∂t
(
H−1(1,ǫ)(t)∂H(1,ǫ)(t)
)
h˜ǫ(t)
− h˜−1ǫ (t)h˜ǫ(t)
∂
∂t
(
H−1(1,ǫ)(t)∂H(1,ǫ)(t)
)
=∂H(2,ǫ)(t)
(
h˜−1ǫ (t)
∂h˜ǫ(t)
∂t
)
+ ∂H(2,ǫ)(t)
(
h˜−1ǫ (t)
(
H−1(1,ǫ)(t)
∂H(1,ǫ)(t)
∂t
)
h˜ǫ(t)
)
− ∂H(1,ǫ)(t)
(
H−1(1,ǫ)(t)
∂H(1,ǫ)(t)
∂t
)
=2∂H(1,ǫ)(t)(
√−1ΛωǫFH(1,ǫ)(t) −
√−1ΛωǫFH(2,ǫ)(t))
− 2T˜ǫ
√−1ΛωǫFH(2,ǫ)(t) + 2
√−1ΛωǫFH(2,ǫ)(t)T˜ǫ(t)
=− 2∂H(1,ǫ)(t)(
√−1Λωǫ ∂¯E T˜ǫ(t)) − 2T˜ǫ(t)
√−1ΛωǫFH(2,ǫ)(t) + 2
√−1ΛωǫFH(2,ǫ)(t)T˜ǫ(t),
(5.24)
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and
∂
∂t
|T˜ǫ(t)|2H(1,ǫ)(t) =
∂
∂t
√−1Λωǫtr (T˜ǫ(t)H−1(1,ǫ)(t) ∧ T˜ǫ
t
(t)H−1(1,ǫ)(t))
=2Re
√−1Λωǫtr
( ∂
∂t
T˜ǫ(t)H
−1
(1,ǫ)(t) ∧ T˜ǫ
t
(t)H(1,ǫ)(t)
)
+
√−1Λωǫtr (T˜ǫ(t)(−H−1(1,ǫ)(t)
∂H(1,ǫ)(t)
∂t
H−1(1,ǫ)(t)) ∧ T˜ǫ
t
(t)H(1,ǫ)(t))
+
√−1Λωǫtr
(
T˜ǫ(t)H
−1
(1,ǫ)(t) ∧ T˜(1,ǫ)
t
(t)
∂H(1,ǫ)(t)
∂t
)
≤− 4Re√−1Λωǫ∂tr (
√−1Λωǫ ∂¯E T˜ǫ(t)H−1(1,ǫ)(t) ∧ T˜
t
(t)H(1,ǫ)(t))
+ 4Re
√−1Λωǫtr (
√−1Λωǫ ∂¯E T˜ǫ(t)H−1(1,ǫ)(t) ∧ ∂¯E T˜ǫ
t
(t)H(1,ǫ)(t))
+ 8|√−1ΛωǫFH(2,ǫ)(t)|H(1,ǫ)(t)|T˜ǫ(t)|2H(1,ǫ)(t) + 4|
√−1ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t)|T˜ǫ(t)|2H(1,ǫ)(t).
(5.25)
Recall that
FH(2,ǫ)(t) − FH(1,ǫ)(t) = ∂¯E(h˜−1ǫ (t)∂H(1,ǫ)(t)h˜ǫ(t)), (5.26)
we have
∂
∂t
∫
M˜
|T˜ǫ(t)|2H(1,ǫ)(t),ωǫ
ωnǫ
n!
≤− 4
∫
M˜
|√−1ΛωǫFH(2,ǫ)(t) −
√−1ΛωǫFH(1,ǫ)(t)|2H(1,ǫ)(t)
ωnǫ
n!
+
∫
M˜
(8|√−1ΛωǫFH(2,ǫ)(t)|H(1,ǫ)(t) + 4|
√−1ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t))|T˜ǫ(t)|2H(1,ǫ)(t),ωǫ
ωnǫ
n!
.
(5.27)
Then it holds that
∂
∂t
(
tn
∫
M˜
|T˜ǫ(t)|2H(1,ǫ)(t),ωǫ
ωnǫ
n!
)
=ntn−1
∫
M˜
|T˜ǫ(t)|2H(1,ǫ)(t),ωǫ
ωnǫ
n!
+ tn
∂
∂t
∫
M˜
|T˜ǫ(t)|2H(1,ǫ)(t),ωǫ
ωnǫ
n!
≤ntn−1
∫
M˜
|T˜ǫ(t)|2H(1,ǫ)(t),ωǫ
ωnǫ
n!
− 4tn
∫
M˜
|√−1ΛωǫFH(2,ǫ)(t) −
√−1ΛωǫFH(1,ǫ)(t)|2H(1,ǫ)(t)
ωnǫ
n!
+ tn
∫
M˜
(8|√−1ΛωǫFH(2,ǫ)(t)|H(1,ǫ)(t) + 4|
√−1ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t))|T˜ǫ(t)|2H(1,ǫ)(t),ωǫ
ωnǫ
n!
.
(5.28)
The inequalities (2.14), (5.22) and (2.3) tell us that there must exist uniform constants Cˆ1 and
Cˆ1 such that
sup
M˜
tn|√−1ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t) ≤ Cˆ1, (5.29)
sup
M˜
tn|√−1ΛωǫFH(2,ǫ)(t)|H1(t) ≤ Cˆ2, (5.30)
for t ∈ [0, 1], and
sup
M˜
|√−1ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t) ≤ Cˆ1, (5.31)
sup
M˜
|√−1ΛωǫFH(2,ǫ)(t)|H(1,ǫ)(t) ≤ Cˆ2, (5.32)
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for t ≥ 1. The above inequalities together with (5.28) yield
∫ 1
0
tn
∫
M˜
|√−1ΛωǫFH(2,ǫ)(t) −
√−1ΛωǫFH(1,ǫ)(t)|2H(1,ǫ)(t)
ωnǫ
n!
dt
≤− 1
4
∫
M˜
|T˜ǫ(1)|2H(1,ǫ)(1),ωǫ
ωnǫ
n!
+
n
4
∫ 1
0
tn−1
∫
M˜
|T˜ǫ(t)|2H(1,ǫ)(t),ωǫ
ωnǫ
n!
dt
+
1
4
∫ 1
0
tn
∫
M˜
(8|√−1ΛωǫFH(2,ǫ)(t)|H(1,ǫ)(t) + 4|
√−1ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t))|T˜ǫ(t)|2H(1,ǫ)(t),ωǫ
ωnǫ
n!
dt
≤Cˆ
√
δ˜,
(5.33)
where Cˆ is a uniform constant. For simplicity, set
Φ˜ǫ(t) =
√−1Λωǫ(FH(2,ǫ)(t) − FH(1,ǫ)(t)) =
√−1Λωǫ ∂¯E(h˜−1ǫ (t)∂H(1,ǫ)(t)h˜ǫ(t)) (5.34)
Using (5.24), we obtain
∂
∂t
Φ˜ǫ(t) =
√−1Λωǫ ∂¯E
( ∂
∂t
T˜ǫ(t)
)
=
√−1Λωǫ ∂¯E(−2∂H(1,ǫ)(t)(
√−1Λωǫ ∂¯E T˜ǫ(t))− 2T˜ǫ(t)
√−1ΛωǫFH(2,ǫ)(t)
+ 2
√−1ΛωǫFH(2,ǫ)(t)T˜ǫ(t))
=− 2√−1Λωǫ ∂¯E(∂H(1,ǫ)(t)(Φ˜ǫ(t)) + T˜ǫ(t)
√−1ΛωǫFH(2,ǫ)(t) −
√−1ΛωǫFH(2,ǫ)(t)T˜ǫ(t)).
(5.35)
On the other hand, we have
∆ωǫ |Φ˜ǫ(t)|2H(1,ǫ)(t) =4Re〈−
√−1Λωǫ ∂¯E∂H(1,ǫ)(t)Φ˜ǫ(t), Φ˜ǫ(t)〉H(1,ǫ)(t)
+ 2|∂H(1,ǫ)(t)Φ˜ǫ(t)|2H(1,ǫ)(t) + 2|∂¯EΦ˜ǫ(t)|2H(1,ǫ)(t)
− 2√−1Λωǫ(Φ˜ǫ(t)H−1(1,ǫ)(t)[FH(1,ǫ)(t), Φ˜ǫ(t)]
t
H(1,ǫ)(t)).
(5.36)
and then
(∆ωǫ −
∂
∂t
)|Φ˜ǫ(t)|2H(1,ǫ)(t)
=2|∂H(1,ǫ)(t)Φ˜ǫ(t)|2H(1,ǫ)(t) + 2|∂¯EΦ˜ǫ(t)|2H(1,ǫ)(t)
− 4Retr (√−1Λωǫ ∂¯E([
√−1ΛωǫFH(2,ǫ)(t), T˜ǫ(t)])H−1(1,ǫ)(t)Φ˜ǫ
t
(t)H(1,ǫ)(t))
+ 4〈√−1Λωǫ [FH(1,ǫ)(t), Φ˜ǫ(t)], Φ˜ǫ(t)〉H(1,ǫ)(t).
(5.37)
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Integrating this over M˜ gives
− ∂
∂t
∫
M˜
|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
=2
∫
M˜
(|∂H(1,ǫ)(t)Φ˜ǫ(t)|2H(1,ǫ)(t) + |∂¯EΦ˜ǫ(t)|2H(1,ǫ)(t))
ωnǫ
n!
− 4Re
∫
M˜
〈[√−1ΛωǫFH(2,ǫ)(t), T˜ǫ(t)], ∂H(1,ǫ)(t)Φ˜ǫ(t)〉H(1,ǫ)(t)
ωnǫ
n!
+ 4
∫
M˜
〈√−1Λωǫ [FH(1,ǫ)(t), Φ˜ǫ(t)], Φ˜ǫ(t)〉H(1,ǫ)(t)
ωnǫ
n!
≥− 8
∫
M˜
|√−1ΛωǫFH(2,ǫ)(t)|2H(1,ǫ)(t)|T˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
− 8
∫
M˜
|√−1ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t)|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
,
(5.38)
and then
− ∂
∂t
(
t2n
∫
M˜
|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
)
≥− 2nt2n−1
∫
M˜
|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
− 8t2n
∫
M˜
|√−1ΛωǫFH(2,ǫ)(t)|2H(1,ǫ)(t)|T˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
− 8t2n
∫
M˜
|√−1ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t)|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
.
(5.39)
By (5.33), (5.29), (5.30) and (5.23), we immediately get that
t2n
∫
M˜
|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
≤2n
∫ 1
0
t2n−1
∫
M˜
|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
dt
+ 8
∫ 1
0
t2n
∫
M˜
|√−1ΛωǫFH(2,ǫ)(t)|2H(1,ǫ)(t)|T˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
dt
+ 8
∫ 1
0
t2n
∫
M˜
|√−1ΛωǫFH(1,ǫ)(t)|H(1,ǫ)(t)|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
dt
≤2n
∫ 1
0
tn
∫
M˜
|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
dt+ 8Cˆ22
∫ 1
0
∫
M˜
|T˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
dt
+ 8Cˆ1
∫ 1
0
tn
∫
M˜
|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
dt
≤Cˆ4
√
δ˜
(5.40)
for any t ∈ [0, 1], where Cˆ4 is a uniform constant. For any t > 1, (5.38), (5.31), (5.32), (5.23)
and (5.40) imply that ∫
M˜
|Φ˜ǫ(t)|2H(1,ǫ)(t)
ωnǫ
n!
≤
√
δ˜ exp (Cˆ5t), (5.41)
where Cˆ5 is a uniform constant. Since Hi,ǫ(x, t) converges to the long time solution Hi(x, t)
outside ΣE in C∞loc-topology as ǫ→ 0, (5.40) and (5.41) mean the inequality (5.10).
✷
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From Lemma 2.5, we see that t 7→ HYMα,N (A(t),M, ω) is nonincreasing along the Yang-
Mills flow (2.22). Note that Corollary 3.4 says we can choose a sequence tj → +∞, such
that
HYMα,N (A(tj),M, ω)→ HYMα,N(A∞,M, ω). (5.42)
Then we have
lim
t→∞
HYMα,N(A(t),M, ω) = HYMα,N (A∞,M, ω) (5.43)
for any α ≥ 1 and anyN . In the following we assume that Vol(M,ω) = 1, and setHYMα,N (~µ) =
HYMα(~µ+N) = ϕα(
√−1(~µ+N)), where ~µ+N = diag(µ1+N, · · · , µR+N). Using Proposition
4.5, Lemma 5.2, and following the argument in Theorem 4.1 in [13], we can obtain ~λ∞ = ~µ0.
We give a proof briefly for readers’ convenience.
Theorem 5.3. Let E be a reflexive sheaf on a smooth Ka¨hler manifold (M,ω), H(t) be a
solution of the Hermitian-Yang-Mills flow (1.2) on E|M\ΣE with the initial metric Hˆ, and A(t)
be the related Yang-Mills flow (2.22) on the Hermitian vector bundle (E|M\ΣE , Hˆ). Assume that
A∞ is an Uhlenbeck limit of A(t), and (E∞, H∞) is the corresponding Hermitian vector bundle
defined on M \ (ΣE ∪ Σan). Then there is a constant p0 > 1 such that
HYMα,N(A∞,M, ω) = lim
t→∞
HYMα,N(A(t),M, ω) = HYMα,N (~µ0), (5.44)
for all 1 ≤ α < p0 and all N ∈ R; and the HN type of the reflexive sheaf (E∞, ∂A∞) is the same
as that of E, i.e. ~λ∞ = ~µ0.
Proof As before, let π : M˜ → M be the composition of a finite sequence of blowups
resolving the sheaf E , i.e. such that E = π∗E/tor(π∗E) is locally free. Firstly, since the norm
(
∫
M
ϕα(a)dvol)
1
α is equivalent to the Lα-norm on u(E), we have
|(HYMα,N((E , H),M, ω)) 1α − (HYMα,N(~µ0))
1
α |
≤
(∫
M
|(ϕα(
√−1
2π
Λω(F(E,H)) +N IdE))
1
α − (ϕα(~µ+N)) 1α |αω
n
n!
) 1
α
≤
(∫
M
ϕα(
√−1
2π
Λω(F(E,H))−Ψ(F, (µ1, · · · , µl), H))ω
n
n!
) 1
α
≤ C(α)‖
√−1
2π
Λω(F(E,H))−Ψ(F , (µ1,ω, · · · , µl,ω), H)‖Lα(M,ω).
This together with Proposition 4.5 gives us that for any δ > 0 and any 1 ≤ α < p0 there is H
on the bundle E such that
HYMα,N ((E , H),M, ω) ≤ HYMα,N(~µ0) + δ. (5.45)
For fixed α and N , since the image of the degree map on line bundles is discrete, we can
define δ0 > 0 such that
2δ0 +HYMα,N (~µ0) = min{HYMα,N(~µ) : HYMα,N (~µ) > HYMα,N (~µ0)}, (5.46)
where ~µ runs over all possible HN types of torsion-free sheaves on M with the rank of E .
Let Hˆ be a smooth Hermitian metric on the holomorphic vector bundle E, H(t) be the
solution of the Hermitian-Yang-Mills flow (1.2) on E|M\ΣE with the initial metric Hˆ and AHˆ(t)
be the solution of the related Yang-Mills flow (2.22) on the Hermitian vector bundle (E|M\ΣE , Hˆ)
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with the initial connection Aˆ = (E , Hˆ). Let AHˆ∞ be an Uhlenbeck limit along the Yang-Mills
flow (2.22). Assume that Hˆ0 satisfies:
HYMα,N((E , Hˆ0),M, ω) ≤ HYMα,N(~µ0) + δ0. (5.47)
Combining (5.43), Lemma 2.5 and (5.9), we obtain:
HYMα,N(~µ0) ≤ HYMα,N(AHˆ0∞ ,M, ω) ≤ HYMα,N(~µ0) + δ0.
Hence we must have HYMα,N(A
Hˆ0∞ ,M, ω) = HYMα,N(~µ0). This shows that the result holds
if the metric Hˆ0 satisfies (5.47).
For any fixed δ ≤ δ02 , we denote by Hδ the set of smooth Hermitian metrics on E satisfying
that, there is T ≥ 0 such that
HYMα,N (A
Hˆ(t),M, ω) < HYMα,N(~µ0) + δ, (5.48)
for all t ≥ T . From (5.45) and the discussion above, we see Hδ is nonempty. In Lemma 5.2, we
have proved the continuous dependence of the Hermitian-Yang-Mills flow (1.2) on initial metrics,
this implies the openness of Hδ. By Lemma 2.2 and (2.43), ‖ΛωFAHˆ(t)‖L∞ and ‖FAHˆ(t)‖L2
are uniformly bounded along the Yang-Mills flow (2.22) for t ≥ t0 > 0. On the other hand,
the Uhlenbeck compactness theorem (Theorem 5.2 in [45]) is also valid for the non-compact
case, i.e. on the non-compact Ka¨hler manifold (M \ ΣE , ω). So we can follow the argument in
Lemma 4.3 in [13] to show that Hδ is closed. The proof is exactly the same, we omit it. Since
the space of smooth metrics on E is connected, we conclude that every metric is in Hδ. Then it
follows that HYMα,N (A
Hˆ
∞,M, ω) = limt→+∞HYMα,N(A
Hˆ(t),M, ω) = HYMα,N (~µ0) for any
metric Hˆ on E. With Proposition 2.24 in [13], we know ~µ0 = ~λ∞. This concludes the proof of
Theorem 5.3.
✷
LetH(t) be the long time solution of the Hermitian-Yang-Mills flow (1.2) with the initial met-
ric Hˆ , and A(t) be the solution of the related Yang-Mills flow (2.22) with the initial connection
Aˆ. As that in Proposition 2.3, we have A(t) = σ(t)(Aˆ), where σ(t) is a family of complex gauge
transformations satisfying σ∗Hˆ(t)σ(t) = h(t) = Hˆ−1H(t). Consider the following HN-filtration
of E by saturated sheaves
0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek˜ = E . (5.49)
Let π
H(t)
α be the orthogonal projection onto Eα with respect to the Hermitian metric H(t), and
π
(t)
α = σ(t) ◦ πH(t)α ◦ σ−1(t). It is easy to check that: (Id − π(t)α )∂A(t)π(t)α = 0; (π(t)α )2 = π(t)α =
(π
(t)
α )∗Hˆ , |∂A(t)π(t)α |Hˆ = |∂AˆπH(t)α |H(t). From (5.4), it can be seen that π(t)α ∈ L21(End(E)).
Using Theorem 5.3 and following the same argument in [13] (Proposition 4.5), we deduce the
following lemma.
Lemma 5.4. Let E be a reflexive sheaf on a smooth Ka¨hler manifold (M,ω), and satisfy the
same assumptions as that in Theorem 5.3. Assume that A∞ is an Uhlenbeck limit of A(t), and
(E∞, H∞) is the corresponding Hermitian vector bundle defined on M \ (ΣE ∪ Σan).
(1) Let {π∞α } be the HN-filtration of the reflexive sheaf (E∞, ∂A∞), then there is a sequence
of {π(tj)α } which converges to {π∞α } strongly in Lp ∩L21,loc outside ΣE ∪Σan as j tends to +∞.
(2) Assume the sheaf E is semi-stable and {Eα} is the Seshadri filtration of E, then {π(tj)α }
converges to a filtration {π∞α } strongly in Lp ∩ L21,loc outside ΣE ∪Σan as j tends to +∞ , the
rank and degree of π∞α is equal to the rank and degree of π
tj
α for all α and j.
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6. Proof of theorem 1.1.
In this section, we will prove the part (2) of Theorem 1.1 inductively on the length of the
HNS-filtration. The inductive hypotheses are following:
Inductive hypotheses: Let Q be a torsion-free sheaf on a compact Ka¨hler manifold (M,ω),
S be a saturated sub-sheaf of Q.
(1) There is a sequence of connections AQj ∈ A1,1Q,H0 on the Hermitian bundle (Q|M\Σ˜, H0)
such that AQj → AQ∞∞ in C∞loc-topology off Σ˜ as j → +∞, where Σ˜ is a complex analytic subset
of M with complex codimension at least 2 and satisfies ΣQ ∪ ΣS ⊂ Σ˜.
(2) AQj = gj(A
Q
H0
) for some complex gauge transformations gj ∈ GC(Q) and ‖
√−1Λω(FAQHj )‖L1(ω)
is uniformly bounded in j, where AQHj is the Chern connection on Q with respect to the metric
Hj = H0g
∗H0
j gj.
(3) There exists a sequence of blow-ups with smooth center: πi : Mi → Mi−1, i = 1, · · · , r,
and an exact sequence of holomorphic vector bundles
0→ S˜ → Q˜ → W˜ → 0 (6.1)
over M˜ , such that the composition π = πr ◦ · · · ◦ π1 : M˜ → M is biholomorphic outside Σ˜, S˜
and Q˜ are isomorphic to S and Q outside Σ˜ respectively, where M0 =M , M˜ =Mr.
(4) Set ǫ = (ǫ1, · · · , ǫr) and define Ka¨hler metrics ωǫ on Mr as that in (2.2). For ev-
ery j, there exists a sequence of metrics Hj,ǫ on Q˜ such that Hj,ǫ → Hj in C∞loc-topology
outside Σ˜ as ǫ→ 0, ‖√−1Λωǫ(FAQ˜Hj,ǫ )‖L
1(ωǫ) is uniformly bounded, and supMr (tr (H
−1
1,ǫHj,ǫ) +
tr (H−1j,ǫ H1,ǫ)) < Cj, where Cj is a constant independent of ǫ. Furthermore, ‖
√−1Λωǫ(FAS˜H1,ǫ )‖L1(ωǫ)
is uniformly bounded, where AS˜H1,ǫ is the induced Chern connection on S˜.
(5) Two torsion-free sheaves Q and (Q∞, ∂AQ∞∞ ) have the same HN type.
Now we construct non-zero holomorphic maps from subsheaves in the HNS-filtration of E
to the limiting reflexive sheaf (E∞, ∂∞). We get a nonzero holomorphic map which we need
by limiting a sequence of holomorphic maps. The key problem is to obtain local uniform C0-
estimate of this sequence of holomorphic maps. We will follow the argument in Proposition 4.1
in [32] to handle this problem. There is a difference in the assumption for our case, so we write
a proof briefly of the following proposition for readers’ convenience.
Proposition 6.1. Let Q be a torsion-free sheaf on a compact Ka¨hler manifold (M,ω), S
be a saturated sub-sheaf of Q. Assume that the conditions (1), (2), (3), (4) in the above
inductive hypotheses are satisfied. Let i0 : S → Q be the holomorphic inclusion, then there is
a subsequence of gj ◦ i0, up to rescale, converges to a non-zero holomorphic map f∞ : S →
(Q∞, ∂AQ∞) in C
∞
loc-topology off Σ˜ as j → +∞.
Proof. By induction, we can assume that π : M˜ → M is a single blow-up with smooth
centre. Fix a Ka¨hler metric η on M˜ and set ωǫ = π
∗ω+ǫη for 0 < ǫ ≤ 1. On the blow-up M˜ , let
Hj,ǫ(t) and H
S
1,ǫ(t) be the solutions of the following Hermitian-Yang-Mills flow on holomorphic
bundles Q˜ and S˜ with the fixed initial metrics Hj,ǫ and HS1,ǫ and with respect to the metric ωǫ,
i.e. they satisfy the following heat equation
H−1(t)
∂H(t)
∂t
= −2√−1ΛωǫFH(t), (6.2)
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where Hj,ǫ is defined in condition (4) among the inductive hypotheses. A direct computation
yields
(∆ǫ − ∂
∂t
)|Λωǫ(FHj,ǫ(t))|Hj,ǫ(t) ≥ 0, (6.3)
(∆ǫ − ∂
∂t
)|Λωǫ(FHS1,ǫ(t))|HS1,ǫ(t) ≥ 0, (6.4)
and
(∆ǫ − ∂
∂t
)|i0|2HS1,ǫ(t),Hj,ǫ(t) ≥ 0. (6.5)
The maximum principle implies that
|Λωǫ(FHj,ǫ(t))|Hj,ǫ(t)(x) ≤
∫
M˜
Kǫ(t− t0, x, y)|Λωǫ(FHj,ǫ(t0))|Hj,ǫ(t0)
ωnǫ
n!
, (6.6)
|Λωǫ(FHS1,ǫ(t))|HS1,ǫ(t)(x) ≤
∫
M˜
Kǫ(t− t0, x, y)|Λωǫ(FHS1,ǫ(t0))|HS1,ǫ(t0)
ωnǫ
n!
, (6.7)
and
|i0|2HS1,ǫ(t),Hj,ǫ(t0+t)(x) ≤
∫
M˜
Kǫ(t− t0, x, y)|i0|2HS1,ǫ(t0),Hj,ǫ(t0)
ωnǫ
n!
, (6.8)
for any t > t0 ≥ 0. By [7] (Lemma 4), the heat kernels Kǫ(t, x, y) have a uniform bound
for 0 < ǫ ≤ 1. Following Bando and Siu’s argument ([7]), we could choose a subsequence of
Hj,ǫ(t) (and the same for H
S
1,ǫ(t)) which converges to Hj(t) (resp. H
S
1 (t)) a solution of the
Hermitian-Yang-Mills flow (6.2) on Q (resp. S) over M \ Σ˜ as ǫ tends to 0. Combining (6.6),
(6.7), (6.8) and the condition (4), we derive
2(|Λω(FHj(t))|Hj(t) + |Λω(FHS1 (t))|HS1 (t))(x) ≤ CF (6.9)
and
|i0|2HS1 (t0+t),Hj(t)(x) ≤
∫
M
K(t− t0, x, y)|i0|2HS1 (t0),Hj(t0)
ωn
n!
, (6.10)
for all x outside Σ˜ and t ≥ t′ > t0 ≥ 0, where K(t, x, y) is the heat kernel of (M,ω) and CF is
a uniform constant which is independent of j.
From (6.9), it follows that∣∣∣ ∂
∂t
ln |i0|2HS1 (t),Hj(t)(x)
∣∣∣ ≤ 2(|Λω(FHj(t))|Hj(t) + |Λω(FHS1 (t))|HS1 (t))(x) ≤ CF , (6.11)
for all x ∈M \ Σ˜ and t ≥ t′ > 0. Then
e−CF δ ≤
|i0|2HS1 (t′+δ),Hj(t′+δ)
|i0|2HS1 (t′),Hj(t′)
(x) ≤ eCF δ, (6.12)
and
|i0|2HS1 (t′),Hj(t′)(x) ≤ e
CF δ|i0|2HS1 (t′+δ),Hj(t′+δ)(x)
≤ eCF δ
∫
M
K(δ, x, y)|i0|2HS1 (t′),Hj(t′)
ωn
n!
≤ CKeCF δ(1 + δ−n)
∫
M
|i0|2HS1 (t′),Hj(t′)
ωn
n!
,
(6.13)
for all x ∈M \ Σ˜ and δ > 0.
Denote hj,ǫ(t) = H
−1
j,ǫ Hj,ǫ(t), and then the heat equation (6.2) yields
(∆ǫ − ∂
∂t
) ln(tr (hj,ǫ(t)) + tr (h
−1
j,ǫ (t))) ≥ −2|Λωǫ(FHj,ǫ)|Hj,ǫ . (6.14)
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Integrating the above inequality and using the condition (4), we have∫
M˜
ln(tr (hj,ǫ(t)) + tr (h
−1
j,ǫ (t)))
ωnǫ
n!
− ln 2rank(Q˜)Vol(M˜, ωǫ) ≤ tCh (6.15)
and then ∫
M
ln(tr (hj(t)) + tr (h
−1
j (t)))
ωn
n!
− ln 2rank(Q)Vol(M,ω) ≤ tCh. (6.16)
On the other hand, it holds that
∆ ln(tr (hj(t)) + tr (h
−1
j (t)))
≥ −2|Λω(FHj(t))|Hj(t) − 2|Λω(FHj )|Hj
(6.17)
on M \ Σ˜, for all t > 0. Here, we should note that |Λω(FHj )|Hj = |Λω(FAQj )|H0 .
For any compact subset Ω ⊂M\Σ˜, the condition (1) implies that |Λω(FHj )|Hj = |Λω(FAQj )|H0
is uniformly bounded on Ω. By (6.16), (6.17), (6.9) and the Moser’s iteration, there must exist
a uniform constant CΩ,Q such that, for all j,
sup
x∈Ω
ln(tr (hj(1)) + tr (h
−1
j (1))) ≤ CΩ,Q. (6.18)
Define the holomorphic map η˜j : (S|M\Σ˜, ∂AS0 )→ (Q|M\Σ˜, ∂AQj ) by η˜j = gj ◦ i0, where A
S
0 is
the induced connection on S by the connection AQH0 . It is easy to check that
|η˜j |HS1 ,H0 = |i0|HS1 ,Hj , (6.19)
where HS1 is the induced metric on S by the metric H1. Set
fj =
( ∫
M
|i0|2HS1 (1),Hj(1)
ωn
n!
)− 12
η˜j . (6.20)
Clearly (6.13) means that there is a constant Ca such that
sup
x∈M\Σ˜
( ∫
M
|i0|2HS1 (1),Hj(1)
ωn
n!
)−1
|i0|2HS1 (1),Hj(1)(x) ≤ Ca, (6.21)
for all j. Using (6.21) and (6.18), we obtain a local uniform C0-estimate on fj , i.e. for any
compact subset Ω ⊂M \ Σ˜, there is a constant Cω,f such that
sup
x∈Ω
|fj |HS1 ,H0(x) ≤ Cω,f (6.22)
for all j. By the above local uniform C0-bound of fj and the assumption that Aj → A∞ in
C∞loc-topology outside Σ˜ as j → +∞, the elliptic theory implies that there exists a subsequence
of fj (for simplicity, also denoted by fj) such that fj converges to a holomorphic map f∞ :
S → (Q∞, ∂AQ∞) in C∞loc-topology outside Σ˜ as j → +∞. Now we only need to prove that f∞
is non-zero. Since Σ˜ is of Hausdorff complex codimension at least 2, for any small δ > 0, we
can choose a compact subset Ωδ ⊂M \ Σ˜ such that∫
M\Ωδ
1
ωn
n!
≤ δ. (6.23)
Of course the local uniform estimate (6.18) gives us that there is a positive constant Cδ such
that
Cδ|i0|2HS1 (1),Hj(1)(x) ≤ |i0|
2
HS1 ,Hj
(x) ≤ C−1δ |i0|2HS1 (1),Hj(1)(x), (6.24)
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for all x ∈ Ωδ and j. Then∫
M\Ωδ
|f∞|HS1 ,H0
ωn
n!
= lim
j→+∞
∫
M\Ωδ
|fj|HS1 ,H0
ωn
n!
= lim
j→+∞
(∫
M
|i0|2HS1 (1),Hj(1)
ωn
n!
)−1 ∫
M\Ωδ
|i0|HS1 ,Hj
ωn
n!
≥ lim
j→+∞
Cδ
(∫
M
|i0|2HS1 (1),Hj(1)
ωn
n!
)−1 ∫
M\Ωδ
|i0|HS1 (1),Hj(1)
ωn
n!
≥ Cδ(1− δCa) > 0.
(6.25)
Therefore f∞ is a non-zero holomorphic map. This concludes the proof of Proposition 6.1.
✷
A proof of Theorem 1.1 Let {Eα}lα=1 be the Harder-Narasimhan-Seshadri filtration of E ,
GrHNS(E) = ⊕lα=1Qα be the associated graded object, where Qα = Eα/Eα−1 is torsion-free for
each 1 ≤ α ≤ l. We refer to ΣHNS as the singularity set of the HNS-filtration, it is a complex
analytic subset of M with complex codimension at least 2.
According to Hironaka’s flattening theorem ([19]), there is a finite sequence of blowing ups
{πi}ki=1 along compact sub-manifolds such that if we denote by π : M˜ → M the composition
of all the blowing ups, then E = π∗E/tor(π∗E) is locally free. By Proposition 4.2, we can get
a filtration F˜ = {E˜i}li=1 of E :
0 = E˜0 ⊂ E˜1 ⊂ · · · ⊂ E˜l−1 ⊂ E˜l = E, (6.26)
such that, for every 1 ≤ α ≤ l, E˜i is a reflexive sheaf, Q˜α = E˜α/E˜α−1 is torsion free and
isomorphic to the sheafQα outside π−1(ΣHNS). By Sibley’s result on the resolution of filtration
(Proposition 4.3 in [38]), there is a finite sequence of blowing ups along complex submanifolds
whose composition σˆ : Mˆ → M˜ enjoys the following properties. There is a filtration
0 = E0 ⊂ E1 ⊂ · · · ⊂ El−1 ⊂ El = Eˆ = σˆ∗E (6.27)
by subbundles. If we write Imσˆ∗E˜α for the image of σˆ∗E˜α → σˆ∗E, then Ei = Satσˆ∗E(Imσˆ∗E˜α).
If Qα = Eα/Eα−1, then we have σˆ∗Eα = E˜α and Q˜∗∗α = (σˆ∗Qα)∗∗. Now set πˆ = σˆ ◦π : Mˆ →M
, we know (πˆ∗Eα)∗∗ = Eα and (Qα)∗∗ = (πˆ∗Qα)∗∗. It is easy to see that πˆ is biholomorphic
outside πˆ−1(ΣHNS), Eα and Qα are isomorphic to Eα and Qα outside Σ˜ respectively.
Let H(t) be the long time solution of the Hermitian-Yang-Mills flow (1.2) on the holomorphic
vector bundle E|ΣE with the initial metric Hˆ , and A(t) be the solution of the related Yang-Mills
flow (2.22) on the Hermitian vector bundle (E|ΣE , Hˆ) with the initial connection Aˆ. We have
A(t) = σ(t)(Aˆ), where σ(t) satisfies σ∗Hˆ(t)σ(t) = h(t) = Hˆ−1H(t). Note that Lemma 2.2 says
there is a sequence of heat flows Hǫ(t) on the holomorphic vector bundle E which converges
successively to H(t) in C∞loc-topology outside ΣE as (ǫ1, · · · , ǫk)→ 0. In the sequel, we denote
by Hǫ(t) = σˆ
∗Hǫ(t) the pull back metric on the bundle Eˆ.
Theorem 3.3 and Proposition 3.5 imply the part (1) of Theorem 1.1. So we only need to
prove the part (2) of Theorem 1.1. We assume there is a sequence of connections A(tj) which
converges to A∞ in C∞loc-topology outside Σ as j → +∞. Let S = E1 be the first ω-stable sub-
sheaf corresponding to the above HNS-filtration, Q = E , and gj = σ(tj). Using the formulas
(2.12), (5.4), Lemma 2.2, Theorem 5.3, and considering the metrics Hǫ(t), one can check easily
that the conditions (1), (2), (3), (4) in the above inductive hypotheses are satisfied. Based on
Theorem 3.3, we suppose that there exists a sequence of isomorphisms
aj : (E|M\Σ, Hˆ)→ (E∞, H∞) (6.28)
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such that (a−1j )
∗(A(tj))→ A∞ in C∞loc-topology outside Σ as j → +∞. Let i0 : E1 → E be the
holomorphic inclusion, by Proposition 6.1, then there is a subsequence of fj = aj ◦ gj ◦ i0, up to
rescale, converging to a non-zero holomorphic map f∞ : E1 → (E∞, ∂A∞) outside ΣHNS ∪Σan
as j → +∞. Applying Hartog’s theorem, we can extend f∞ to the whole M as a sheaf
homomorphism.
Let π
H(t)
1 : E → E be the orthogonal projection onto E1 with respect to the Hermitian metric
H(t), and π
(t)
1 = σ(t) ◦ πH(t)1 ◦ σ−1(t). Set π˜j1 = aj ◦ π(tj)1 ◦ a−1j . From Lemma 5.4, we know
that π˜j1 → π∞1 strongly in Lp ∩ L21,loc outside ΣHNS ∪ Σan as j → +∞, and π∞1 determines
a subsheaf E∞1 of (E∞, ∂A∞), with rank(E
∞
1 ) = rank(E1) and µω(E∞1 ) = µω(E1). Because
π˜j1 ◦ fj = fj for all j, we see that in the limit π∞1 ◦ f∞ = f∞, and then
f∞ : E1 → E∞1 . (6.29)
Moreover, Theorem 5.3 tells us that (E∞, ∂A∞) and E have the same HN type, and then the
subsheaf E∞1 is ω-semistable. Recalling that E1 is ω-stable, with the result in [26] (V.7.11;
7.12), we observe that the non-zero holomorphic map f∞ must be injective, then
E1 ≃ E∞1 = f∞(E1), (6.30)
and E∞1 is an ω-stable subsheaf of (E∞, ∂A∞).
Let {eα} be a local frame of E1, and Hj,αβ¯ = 〈fj(eα), fj(eβ)〉Hˆ . We derive
π˜j1(X) = 〈X, fj(eβ)〉HˆHα,β¯j fj(eα) (6.31)
for any X ∈ Γ(E), where (Hα,β¯j ) is the inverse of the matrix (Hj,αβ¯). Because fj → f∞ in
C∞loc-topology as j → +∞, and f∞ is injective, we can prove that π˜j1 → π∞1 in C∞loc-topology
off Σan ∪ ΣHNS as j → +∞.
Consider the orthogonal holomorphic decomposition (E∞, ∂A∞) = E
∞
1 ⊕Q∞, where Q∞ =
(E∞1 )
⊥. Let π˜1 : E∞ → E∞ be the projection onto E∞1 with respect to the metric H∞. Using
Lemma 5.12 in [12], we can choose a sequence of unitary gauge transformations u˜j such that
π˜
(j)
1 = u˜jπ˜1u˜
−1
j and u˜j → IdE in C∞loc-topology on M \ (ΣHNS ∪ Σan) as j → +∞. It is easy
to check that u˜j(Q∞) = u˜j((E∞1 )
⊥) = (π˜(j)1 (E∞))
⊥, and the unitary gauge transformation
u˜0 : E∞ → E∞ satisfies a−10 ◦ u˜0(Q∞) = a−10 ◦ u˜0((E∞1 )⊥) = E⊥Hˆ1 .
Set Q = E/E1, then we have GrHNS(E) = S ⊕GrHNS(Q). Denote by p∗Hˆ = Id− πHˆ1 : Q →
E⊥Hˆ1 the induced bundle isomorphisms on M \ΣHNS , and consider the induced connections on
Q
DAQj
= (p∗Hˆ)−1 ◦ a−10 ◦ u˜0 ◦ π˜⊥1 ◦ u˜−1j ◦ aj ◦DAj ◦ a−1j ◦ u˜j ◦ π˜⊥1 ◦ u˜−10 ◦ a0 ◦ p∗Hˆ , (6.32)
and the complex gauge transformation
hj = (p
∗Hˆ)−1 ◦ a−10 ◦ u˜0 ◦ π˜⊥1 ◦ u˜−1j ◦ aj ◦ gj ◦ p∗Hˆ ∈ GC(Q). (6.33)
Then it holds that
∂AQj
= hj ◦ ∂AQ0 ◦ h
−1
j , (6.34)
and
∂AQj
= (h∗j )
−1 ◦ ∂AQ0 ◦ h
∗
j , (6.35)
where we have used the facts (π
(tj)
1 )
⊥ ◦ gj = (π(tj)1 )⊥ ◦ gj ◦ (πHˆ1 )⊥ and h−1j = (p∗Hˆ)−1 ◦ (π(0)1 )⊥ ◦
g−1j ◦a−1j ◦u˜j◦u˜−10 ◦a0◦p∗Hˆ. By the definition, it is easy to check that ((p∗Hˆ)−1◦a−10 ◦u˜0)∗(AQj )→
AQ∞∞ in C
∞
loc-topology as j → +∞, and h∗jhj = (HˆQ)−1HQ(tj), where HQ(t) denotes the
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induced metric on the quotient Q by H(t). Combining (5.4) and Lemma 2.2, we get that
‖√−1Λω(FAQ
H(t)
)‖L1(ω) is uniformly bounded for t ≥ t0 > 0. So inductive hypotheses (1) and
(2) are satisfied.
Let S = Q2 = E2/E1, then (6.27) implies the inductive hypothesis (3). Considering the
induced metric H
Q
ǫ (t) on the quotient Eˆ/E1 by σ
∗(Hǫ(t)), from the formulas (2.12), (5.4) and
Lemma 2.2, we see that the inductive hypothesis (4) is valid. Using Theorem 5.3 and Lemma
5.4, one can check easily that the inductive hypothesis (5) is also valid. Repeating the above
argument, we obtain an isomorphism
f : (E∞, ∂A∞)→ GrHNS(E) = ⊕lα=1Qα (6.36)
on M \ (ΣHNS ∪Σan). By the uniqueness of reflexive extension in [40], we know that f can be
extended to a sheaf isomorphism on the whole M . This completes the proof of Theorem 1.1.
✷
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